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1. INTRODUCTION

1.1 General - The orbiting of Skylab has marked the beginning
in a series of large manned orbiting spacecraft that will be used
as bases from which a variety of experiments will be performed.
These experiments include astronomy, Earth resources, biomed, space
physics, and various other technology areas. The orbital environ-
ment will enable measurements and observations to be made over ex-
tended periods of time that were not possible from the Earth or
high flying aircraft due to atmospheric obscuration, the gravity
environment, and limited observation times. These observations,
measurements, and experiments conducted in space will contribute
significantly to the understanding of the universe, its origin and
dynamic behavior, as well as the Earth, its resources, weather, and
its complex dynamic life cycles.

The Space Shuttle presently being planned by NASA will not
only be a logistics vehicle, but will also serve a crucial role as
a mannea experiment base. In this role the Shuttle will orbit the
Earth from 7 to 30 days performing various experiments with equip-
ment mounted in the cargo bay and/or deployed on various types of
booms and isolation mechanisms. Examination of the experiments
proposed for performance in low Earth orbit attached to a manned
orbiting spacecraft such as Shuttle indicates that attitude
stabilization of one degree or better is required by approximately
65 percent of the payloads with many of them primarily in the
astronomy area requiring pointing stabilities of an 'sec or better.
In addition, all of the astronomy and plasma physics experiments
proposed are extremely sensitive to contamination. A CMG system
that will stabilize large orbiting spacecraft such as the Shuttle
is very attractive since it would provide a contamination free
environment and simplify the experiment integration equipmeat
needed to meet the stringent pointing stability requirements of
the astronomy and some of the physics experiments.

This study titled "Study to Define Logic Assocfated With CMGs
to Maneuver and Stabilize an Orbiting Spacecraft' will define a
CMG system capable of controlling a large orbiting spacecraft such
as a Shuttle and develop all of the software required to satis-
factorily manage and control such a system.

1.2 Study Objectives - The objectives of this study were the
following:

a. Define mission requirements and feasible attitudeés for
a Shuttle~like vehicle that will meet mission objectives.
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b. Determine the CMG actuator type (i.e., Single Gimbal
CMGs or Double Gimbal CMGs) and system configuration
that will best meet overall mission requirements.

¢. Define all of the software required to manage and con- §
trol the selected CMG system.

d. Verify by computer simulation the adequacy of the
selected CMG system and specified software package in
meeting the overall mission requirements.

All of the above objectives were met during the course of the
study.

1.3 Relationship to Other Efforts - The Bendix Corporation
has been critically involved with the Skylab program since its in-
ception, performing studies in the areas of communications, mis-
sion operations, experiment integration, stabilization and control,
humar. factors, and test and reliability. Bendix has also furnished
the double gimbal CMGs, double gimballed star tracker and the
experiment pointing electronics assembly (EPEA) which form a
critical part of the total Skylab attitude and pointing control
system (APCS) in addition to the C&D console used to operate and
command virtually all systems aboard Skylab. During the course
of the Skylab program detailed studies have been made into the
hehavior of CMG systems and the software required to satisfactorily
control and manage such a system. Valuable experience and insight
into the behavior and idiosyncracies of CMG systems has been gained
over the seven years that these studies were perfcrmed, and was
lirectly applicable to the performance of the present study.

Data generated during the course of the Research and Appli-
cations Module (RAM) study (May 1971 - June 1972) in which Bendix
was a prime participant, provided valuable input to the present
study in the area of proposed experiment paylcads for the Shurtle
vehicle and the requirements placed upon that vehicle due to those
payloads. In addition the experience gained in the analysis and
design of candidate CMG control systems for RAM applications is
directly applicable to the present study.

The Astronomy Sortie Mission (ASM) Definition Study (December
1971 - March 1973) in which Bendix was a prime participant, also
provided valuable inputs to the present study in the area of
Shuttle vehicle requirements due to proposed astronomy experimenta-
tion and in the design of possible attitude control systems which
included reaction control, CMG, and experiment isolation systems
that could be used to meet these requirements.

-
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The experience and technical expertise gained during the
performance of Skylab, RAM, and ASM formed the technological
base which the present study was able to draw upon to further
advance CMG technology for Shuttle-1like vehicle applications
thus yielding the basis for the design of a rcalistic hardware
and software package that could be used for this purpose.

1.4 Method of Apprecach and Principal Asgsumpt ions - The
approach taken in the performance of the present study was to
make maximum use of the results obtained in the RAM and ASM pro-
grams. These outputs still assumed applicable were used to
specify the requirements placed upon a Shuttle type vehicle by the
experimentation programs defined in these studies. In addition
whatever developed hardware (i.e., CMGs) available from Skylab
and other programs would be given maximum consideration for use in
the present application in order to obtain an optimum and cost
effective system. The ccfrware packages designed for Skylab,
RAM, and ASM were used as a starting point for the present study
which helped to optimize both system performance and computational
requirements for the software package specified to meet the present
coverall mission specifications.

Verification of the specified CMG control system and asso-
ciated software package was accomplished on a hybrid computer.
The reason for choosing a hybrid machine to perform system veri-
fication was to enable the faithful simulation of the A/D and D/A
interfaces that would be encountered in an actual flight control
system. Effects of quantization and sampling time were taken into
account in the specification of overall system performance.

The Shuttle as defined in the July 1972 time frame was the
vehicle for which the CMG control system design was defined. The
Shuttle was modeled as a rigid body which was another assumption
of the present study. Modeling the vehicle in this manner obviated
the need for bending mode filters that might be required to vield
satisfactory vehicle stability when flexibility is taken into
account. These bending mode filters would probably be implemented
in the digital computer aboard the vehicle and therefore represent
an added software load. In addition the vehicle pointing stability
would be somewhat degraded when vehicle flexibilities are taken
into account. However, all of the software developed for managing
and controlling the CMG system specified would still apply when
vehicle flexibility is considered.
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1.5 Basic Study Output and Significant Results - The study
results and significant conclusions are listed below:

a. The Shuttle attitudes that will meet mission require-
ments can be divided into two classes, pseudo-inertial
and local vertical. The pseudo-inertial orientations are
longitudinal vehicle axis perpendicular to the orhital
plane (X-POP), and the longitudinal axis of the vehicle
in the orbital plane (X~-IOP). In the local vertical

- orientation, the vehicle Z axis is local vertical with
the vehicle X axis in the orbital plane (X-IOP, ZLV)
or perpendicular to the orbital plane (X-POP, ZLV).

oy

b. CMG system is sized to allow attitude hold for one p
orbit under the worst case gravity gradient momentum
accumulation.

c. The CMG system chosen for Shuttle attitude control
consists of six Skylab double gimbal CMGs modified with
slip rings to enable unlimited gimbal freedom. Each of
these CMGs have a momentum capability of 2,300 ft-lb-sec
and prcvides fail operational, fail safe capability.

d. A rate plus position control law is recommended for
vehicle stabilization with a closed loop bandwidth of
0.127 rad/sec and a damping ratio of 0.7.

e. The Pseudo-Inverse CMG Control Law is recommended
for commanding appropriate CMG gimbal races. This
gimbal rate steering law will give decoupled vehicle
control while minimizing the energy expended.

£. The Optimal CMG Distribution Singularity Avoidance ]
Control Law is defined in order to avoid CMG singularity -
conditions. This type of control will maximize the dis- ]
tance from a singularity condition for a particular CMG

system momentum state and is compatible with the Pseudo-

Inverse CMG Control Law.

g. Gravity gradient desaturation is the recommended
means of CMG momentum unloading. This will yield a
contamination free environment required by a number of
the proposed experiment payloads. The gravity gradient
desaturation control law selected maneuvers the vehicle
through small angles (i.e., <15 deg) in order to achieve
momentum dump. This type of contrcl law minimizes compu-
tational requirements and the momentum required to affect
the gravity gradient maneuvers.
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h. A hybrid computer simulation verified the adequacy
of the chosen CMG system configuration and associated
software package in meeting overall mission requirements.

1.6 Study Limitations - The present study was primarily geared
to define the software package reauired to manage and control a
representative CMG system that cculd be used to control the attitude
of a Shuttle type vehicle. Although trade studies were performed to
select a candidate CMG system configuration from several alternatives,
they did not constitute a major portion of the study and hence were
top level in nature. When the design of an actual CMG system for
Shuttle is contemplated, considerably more effort wculd be required
in trading various candidate CMG system configurations in order tc
determine the optimum configuration that would meet overall Shuttle
requirements in a cost effective manner. Shuttle mass characteristics
should be updated to reflect the present Shuttle configuration. Addi-
tionally the latest experiment payloads slated to fly in a sortie mode
should be examined in order to better ascertain and update the require-
ments placed upon the Shuttle by these experiments. However it should
be noted that all of the techniques and some of the control laws
(i.e., gravity gradient desaturation) developed in this study will
be directly applicable to any CMG configuration that may finally
result for Shuttle attitude control.

Although the pointing stability achievable by the CMG system
selected has been estimated, the pointing performance that could
ultimately be obtained would require a more comprehensive simula-
tion for its determination. This simulation would include vehicle
flexibility, CMG dynamics including all nonlinearities, and adequate
representation of man motion disturbances. A more accurate deter-
mination of the pointing stability achievable by the CMG system is
desirable since it would have a very strong effect on the type and
complexity of the required experiment integration equipment. This
in turn can appreciably effect the overall cost of the Shuttle
experiment program.

1.7 Suggested Additional Effort - The following additional
effort is suggested:

a. Review the experiments that are presently candidates
for the Shuttle sortie mode wund revise/update Shuttle
mission requirements.

b. Define candidate CMG control system configurations
that could meet Shuttle mission requirements. Perform
Indepth trade studies between the various CMG control
system configurations in order to dete.mine the optimum
CMG configuration that will meet overall mission require-
ments in a cost effective manner. These studies should
include detailed hardware trade offs with respect to size,
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weight, power consumption, reliability and cost as
well as the impact varjous CMG configurations have
on software complexity and overall software cost.

In addition candidate types of control logic (e.g.,
CMG gimbal rate control laws, singularity avoidance
laws, etc.) required to satisfactorily manage the
CMG control system should be evaluated from the
standpoint of software complexity, and required com-
puter capacity for implementation as well as overall
performance. These software trades will be of key
significance in determining whether a dedicated or
the central Shuttle computer be used to drive the
chosen CMG system configuration.

c. Define the software package required to satisfactorily
manage and control the resulting CMG system configuration.
The amount of revision to the candidate CMG control logic
described in this study will depend on *he final con-
figuration of the Shuttle CMG control system. If the
configuration consists of a cluster of double gimbal
CMGs, the modifications required to the defined control
laws would be minimal. If the chosen CMG system con-
sists of a cluster of single gimbal CMGs or a mixture

of single and double gimbal CMGs the required software
modification would be more extensive. However, regard-
less of the CMG configuration chosen, all of the
techniques used to derive the various control laws
required to manage a CMG system detailed in this re-

port still applies.

d. Determine the accuracy that can be achieved by the
CMG system and the impact this accuracy has on the type

and complexity of required experiment integration equip-
ment.
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2. STUDY PLAN

Figure 2.1 is the study flow diagram describing the logic
flow used to perform this study. The study was initiated as
shown in block 1 by first selecting an appropriate vehicle that
would benefit from a control moment gyro (CMG) attitude control
system. The vehicle selected was the Space Shuttle. The assumed
Shuttle vehicle dynamics and baseline reaction control subsystem
(RCS) characteristics used in this study are contained in section
3. Proceeding onto block 2, the next objective is to determine
the vehicle mission requirements and how they impact the proposed
(MG control system. For this analysis, the Shuttle gortie missions
defined in the General Dynamics/Convair Phase B Research and
Application Module (RAM) program were used. The results of
this analysis are contained in section 4. 1In block 3 of the study
flow, the mission requirements defined in the previous task are
translated into appropriate CMG system requirements, such as out-
put torque, momentum storage, and system redundancy requirements.
The analysis and the resultant CMG system requirements are docu-
mented in section 5. After the CMG system requirements have been
defined, the next step in the logic flow is to perform a survey of
available CMG actuators. In this study a survey of both double
gimbal and single gimbal CMGs was performed. From this survey, a
number of candidate CMG systems were configured to meet the CMG
system requirements defined in section 5. A recommended CMG con-
figuration was selected based on system weight, power, volume,
availability, and software complexity. This task is documented in
section 6. In block 5, a CMG system stability analysis is performed.
In this task, a vehicle control law i{s defined along with a set of
appropriate control law gains that insure CMG control system
stability. The resultant vehicle control law analysis is docu-
mented in section 7.

In block 6 of this study flow diagram, a trade study is per-
formed to select the CMG control logic needed to implement the CMG
control system configured and designed in blocks 4 and 5. The re-
quired CMG control logic consists of three components; they are:
(1) a CMG maneuver control law, (2) a CMG gimbal rate command law,
and (3) a CMG system momentum management scheme. The general rela-
tionships of these three CMG control logic functions are illustrated
in the block diagram shown in figure 2.2. In sections 8 thru 10 of
this report, various candidates for the above CMG control logic
functions are derived. From each set of candidates, a law is
selected based primary on computational complexity and performance.
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In section 8, three candidate CMG maneuver control laws are
derived; these three laws are based on (1) quaternion, (2) direc~
tion cosine, and (3) Euler angle strapdown implementations for
describing the attitude of a spacecraft. The function of these
three methods for computing the strapdown equations of motion is
to generate the appropriate error signals that will enable the
vehicle to maintain or track specific attitudes and to perform
particular maneuvers from one attitude to another. The resultant
attitude error Ag and/or rate maneuver command SD are implemented
by inputting these signals into the vehicle control law as shown
in figure 2.2.

The CMG gimbal rate command law shown in figure 2.2 consists
of two components; they are: (1) a CMG control law and (2) a CMG
singularity avoidance scheme. The CMG control law generates a
set of CMG gimbal rate commands as a function of the CMG gimbal

state that will produce the desired CMG torque ¥COM as computed

by the vehicle control law. The purpose of the CMG singularity
avoidance scheme is to drive the CMG system away from singularity
poirnts in its CMG gimbal space where the CMG system is physically
unable to generate a three axis control torque. In other words,
the function of the CMG singularity avoidance scheme is to insure
that the CMG system is always capable of generating the desired

CMG torque ?COM whenever the system is not in saturation. The

singularity avoidance scheme generates an additional set of CMG
gimbal rate commands that drive the CMG system away from singu-
larity without applying a net CMG torque to the vehicle. The sum
of the CMG congrol law and singularity avoidance scheme gimbal

rate commands gc are routed to the appropriate CMG actuators as

shown in figure 2.2. 1In section 9 of this report, various
candidate CMG control laws and CMG singularity avoidance schemes
are derived and from these candidates a CMG control law and a
singularity avoidance scheme is selected.

The function of the CMG momentum management scheme depicted
in figure 2.2 is to insure that the CMG momentum exchange system
does not saturate. Two types of laws are described in section 10,
accomplishing the above objective in different ways. The first
law described is a CMG desaturation law which desaturates the CMG sys-
tem by applying a torque to the vehicle which reduces the magnitude of
the momentum stored in the CMG system. In section 10, two general
types of CMG desaturation systems are described; they are (1) a
reaction jet desaturation system utilizing the baseiine Shuttle
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RCS and (2) a gravity gradient desaturation system which uses

the gravity gradient torques acting on the vehicle. As illustrated
in figure 2.2, a RCS desaturation system desaturates the CMG sys-
tem by sending appropriate jet firing commands to the baseline

RCS. For a gravity gradient desaturation system, CMG desaturation

is accomplished by sending the appropriate vehicle manuever command
<>

-
€ and rate command wD to the vehicle control law where these com-

mands are implemented. In section 10, from among the various RCS
and gravity gradient desaturation systems, a preferred desaturation
law is selacted. The second law described in section 10 is a
pseudo-axis alignment scheme which attempts to compensate for the
momentum build-up in the CMG system resulting from vehicle principal

and control axis misalignments. In this way, the pseudo-axis alignment

scheme minimizes the momentum that the CMG desaturation law must
"dump" for any particular attitude.

In block 7 of the study flow, all of the selected components
of the CMG control system are brought tcgether into a hybrid com-
puter simulation. This hybrid computer simulation is used to verify
the effectiveness of the selected CMG control logic and to demon-
strate the overall operations of the selected CMG attitude control
system. The results of this computer simulation are documented in
section 12.




3. VEHICLE AND BASELINE RCS

The vehicle used in this study is assumed to be the Space
Shuttle. Using the Shuttle as the baseline vehicle, the mission
requirements and the sizing of the CMG attitude control system
are determined in the following sections. Since at the
beginning of this study no final Shuttle design existed, the
vehicle dynamics and baseline reaction control subsystem (RCS)
listed in this section are assumed to be representative of a
final design.

3.1 Vehicle Dynamics - The Shuttle is assumed to be a rigid
body with the following moments of inertia:

I =1.04 X 106 slug ft2
XX
I =8,21X 106 slug ftz
yy
I =8.55X 106 slug ft2
2z

The vehicle cross products of inertia I , 1 , and I , are
assumed to bz negligible. Xy  xz y

The vehicle dynamics are governed by the following Euler
equation of motion:

?v - [1]o + & X (1] (1)

¥v 1s the total resultant torque acting on the vehicle; fv consists
of all disturbance torques ¥D’ torques ¥RCS exerted on the
vehicle by the baseline RCS, and the CMG control torques ¥CMG

> > > >
(Tv = TD + T + T.,.): [I] is the vehicle inertia tensor;

RCS CMG
[1] equals

I 0 0
XX

I] =10 I 0 2

(1] - (2)
0 0 1

2z

Note that because the cross products of inertia are zero, the
X, Y, and Z vehicle geogetric control axes are also the vehicle

>
principal axes. w and 5 are the vehicle angular rate and
acceleration, respectively.
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3.2 Baseline Reaction Control Subsystem (RCS) - Figure 3.1
is a sketch of the Space Shuttle showing the locations of the
baseline on-orbit reaction control subsystem. This system is

- assumed to consist of three pods, a single forward pod containing
16 thrusters and two aft pods containing 12 thrusters each.
The forward pod thrusters in conjunction with the aft pod
thrusters control both pitch and yaw while the two aft pod
thrusters control roll. The normal control torque operating
mode for this RCS system is to fire thruster pairs. A thruster
pair firing consists of two thrusters fired simultaneously in
opposite directions so that no net translational force is
produced; the resulting pure control torque equals the engine
thrust level times the corresponding moment arm between the
two thrusters. The baseline RCS operating characteristics such
as thrust level, attitude deadband, etc..., are listed in
table 3.1.

3.3 3pBaseline Vehicle Orbit -~ The vehicle is assumed to be

stabilized in a 270 nautical mile circular orbit,
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Table 3.1. Baselline RCS Characteristics

Thrust level, F: 400 1bf.

Minimum pulse duration, t 0.1 sec

£
Minimum attitude deadband, 00: +0.5 deg

Fuel: Monopropellant hydrazine with a specific

impulse Isp of 200 seconds

Roll moment arm, Rx: 20.7 ft

Pitch moment arm, ly: 100 f¢t

Yaw moment arm, iz: 100 ft
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4. MISSION REQUIREMENTS

In this section, typical Shuttle mission requirements are i
defined that impact and influence the design ot a CMG attitude |
control system. These mission requirements are used in |
sections 5.0, 6.0, and 7.0 to size, configure, and design a !
Shuttle CMG control system,

4.1° Vehicle Pointing and Stabilization - The vehicle
pointing and stabilization capabilities of a CMG control system
arce in general much superior to those of a reaction jet attitude
control svstem. The addition of a CMG attitude control system 4
to a vehicle like the Shuttle can drastically improve its -
pointing and stabilization capabilities and convert the vehicle |
into an accurately stabilized on-orbit experimental base. For
this study, a CMG attitude controlled Shuttle base stabllization
capability of three arc minutes is assumed. This projected
stabilization capability is a conservative value because other
studies for similar vehicles, reference 1, indicate that a
stabilization capability of less than one arc minute is feasible.
The accuracy with which this vehicle can be pointed using a
CMG control system is assumed to be approximately equal to its
stabilization capability of three arc minutes. In general, the
accuracy with which a vehicle can be pointed is limited by the
accuracy of its attitude determination sensors; these sensors

therefore will need to have accuracies of three arc minutes or
les...

Listed in table 4.1 are thi “y-seven Shuttle sortie payloads
defined in the General Dynamics/ onvair Phase B Research and
Application Modules (RAM) Study, reference 2. These payloads
are listed in table 4.1 by disciplines: astronomy, physics,
Earth observations, communications and navigation, materials
science, technology, and life sciences. Also listed are the
payload's pointing accuracy, stabilization, maximum observation,
orientation, and contamination control requirements. It should
be noted that the stabilization requirements listed in table
4.1 are specified either in terms of maximum allowable angular
velocity (e.g., 0.5 sec/second) or angular displacement (e.g.,

1 Sec/observation). This latter method of specifying a stability
criteria is preferred because angular displacement usually
determines the success or failure of an observation. Stability
requirements are specified in terms of angular velocity only in
cases of very short observation intervals where an angular rate
limit is essential. In the following paragraphs, the impact of
this proposed Shuttle CMG attitude control system on the payloads
listed in table 4.1 are investigated by scientific disciplines.
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Eight astronomy sortie payloads are defined in table 4.1.
Six of these payloads consist of a telescope and a separate high 4
cenergy array; the two remaining pavloads, A3SIR and A6SIB, 3
consist of a single telescope,  The pointing accuracy 3
and stabilizat fon requirements assoctated with cach telescope
and high energy array are !isted separately o table 4.1, Ia
general, these polnting accuracies and stabflity requirements
are more stringent than the corresponding projected vehicle
capabilities thus, an additional fine pointing and stabilization
system is required to meet these requirements. Another problem
associated with the combined telescope and high energy array
payloads is that some of the telescopes and high energy arrays
need to be pointed ot separate targets, For example, pavload
A8S1V consists of a telescope, a photoheliograph, that must be
pointed at the sun and a high energy array that must be pointed
at various stellar energy sources. This latter problem implies
that the telescope and the 4rrays must have the capability of
being pointed independently. These pointing and stabilization
problems were solved in the RAM and the subsequent NASA Astronomy
Sortie Missions (ASM) programs by mountine the telescope and the
high energy arrays on separate experiment .onnts located in the
Shuttle bav as {llustrated in Flgare 4.1, Butlt into each
mount are: (1) a wide angle gimballing system so that each
telescope and array can be accurately and independently pointed 3
and (2) a fine stabilization system to provide the additional 3
stabilization required. From table 4.1, note that the high
energy array stability requirements range from 0.5 to 6 arc minutes.
[f the eventual Shuttle base stabilization can be fmproved to
within 0.5 arc minute using a CMG cont.ol system, the high
energy array mount can he simplified by removing its finpe
stabilization system; the array and vehicle stabilization
requirements and capabilities will then be compatable. In any
case, stabilizing the Shuttle to three arc minutes simplifies
the design problems associated with these mounts and therefore
from the standpoint of the astronomy payloads pointing and
stabilization requirements, the addition of a CMG control system
to the Shuttle {s desirable.

Five physics payloads are defined in table 4.1, Three of
these pavloads’ pointing and stabilizat jon requirements can be
met by a CMG stabilized Shuttle. The two remaining physics
payloads have pointing and stabf{lity requirements that exceed
the projected Shuttle capabilit{es, To these two payloads,
additional fine pointing and stabflization systems will have to
be added to thelr affected scientific instruments in order to
achieve these {nstruments'’ pointing and stabflizat{ion requirements.
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Six Earth observation and three communications and
navigation payloads are listed in table 4.1. All of these
payloads have pointing and stabilization requirements that are
compatible with the projected CMG stabilized Shuttle capabilities.
Only one other payload contained in table 4.1 has defintte
pointing and stabiltzation requirements; this payload is the
technology payload T1S3A.  Its pointing and stability require-
ments are also compatible with the projected CMG Shuttle
capabilities.

Of the thirty-seven sortie payloads defined in the RAM
program, twenty-three have definite pointing and stabilization
requirements. Ten of these payloads' pointing and stability
requirements can be directly met by the projected pointing
and stabilization capabilities of a CMG stabilized Shuttle.
These payload pointing and stability requirements cannot be
realistically met by the baseline RCS system defined in
section 3.0. The remaining thirteen payloads will require
additional fine pointing and stabilization systems. The com=-
plexity of these additional systems can be simplified due
to the improved Shuttle base pointing and stabilization
capabilities afforded by a CMG control system. In total, the
pointing and stabilization requirements of twenty-three of the
thirty-seven sortie payloads listed in table 4.1 can be met
or partially met by the projected Shuttle CMG control system.

4.2 Vehicle Attitudes - The Shuttle payloads listed in
table 4.1 requires two types of attitudes; they are: (1) an
inertial attitude which allows the experimental payloads to be
pointed towards the sun or a distant celestial target and
(2) a local vertical attitude with one of the Shuttle axes
normally the Z axis pointed towards or away from the Earth.
Three Shuttle attitudes were selected, two inertial and one
local vertical, for meeting the above payload pointing require-
ments. The three selected attitudes are:

a. An inertial attitude with the X axis perpendicular
to the orbital plane (X-POP).

b. An inertial attitude with the X axis in the
orbital plane (X-IOP).

c. A local vertical attitude with the Z axis
aligned along the local vertical (Z-LV).
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The stellar and solar payloads can be pointed and stabilized
using either inertial attitudes a or b. These two inertial
attitudes impact with the designs of the CMG attitude control
and experiment pointing systems in different ways. For an
inertial X-POP attitude, attitude a, the vehicle's Y and Z axes
are constrained to the orbital plane thus reducing the space-
craft's rotational degrees-of-freedom from three to one. The
vehicle can be rotated about only the X axis. In order to
permit a hemispherical experiment coverage capability to within
an accuracy of three arc minutes, at least one wide angle
gimbal (range: =~ 180 degrees) must be added to the experimental
instrument to provide the second degree-of -frecdom required.

For an inertial X-IOP attitude, attitude b, the vehicle's

X axis is constrained to the orbital plane thus reducing the
vehicle's rotational degrees-of-freedom from three to two.

The vehicle can be rotated about the X axis and an axis normal
to the orbital plane. Because the vehicle still has two
rotational degrees-of-freedom, the exper iment package can be
pointed anywhere in the celestial sphere hardmounted to the
spacecraft; no wide angle gimbal is required. The cost of this addi-
tional rotational degree-of-freedom for an X-10P attitude is a large
increase in the CMG momentum storage requirement per orbit

over that required by an X-POP attitude. This increase momentum
storage requirement significantly impacts the size of the CMG
control system; it can be directly related to additional CMGs
required and more frequent CMG momentum desaturation "dumps".
Depending on the experiment payload and its pointing and
stabilization requirements, one of these two i{nertial attitudes
may be required or axhibit certain characteristics that are
particularly attractive for this specific mission or class of
missions. For example, if on-orbit access to the payload's
sensors or other components by the experimenter is required it
may be impossible to add the wide angle gimbal to the experiment
required by the X-POP attitude therefore, a X-10P Shuttle
attitude would have to be utiiized in order to provide a
hemispherical pointing capability.

The Z local vertical attitude, attitude c, is required by
certain experiments such as Shuttle payloads C1S1F and P7S3A
that must either remain pointed towards or away from the Earth.
Payload C1S1F is a Communication and Navigation payload that
must remain oriented towards the Earth while payload P7S3A,
the Combined Cosmic Ray Physics and Chemistry Laboratory, must
be kept pointed away from the Earth. By mounting these payloads
along the Shuttle Z axis, the experiments can be either pointed
towards or away from the Earth using this Z local vertical
attitude.
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4.3 CMG Momentum Desaturation - CMG momentum desaturation
will be performed by either firing the vehicle's baseline
reaction jets or by performing gravity gradient desaturation
maneuvers. The select CMG desaturation system is assumed to
have the capability cf desaturating the CMG system once an
orbit. Therefore, the maximum momentum that the CMG system must
be sized to absorb corresponds to the maximum momentum that
the CMG system must store during one orbit for the worst possible
vehicle orientation. The possible vehicle orientations are
limited to those contained in the classes of vehicle attitudes
listed in section 4.2.

4.4 Vehicle Maneuver Capability - The Shuttle {s assumed
to have a maximum maneuver rate capability of a 0.1 degree
per second about each vehicle control axis. It is further
assumed that this maneuver rate can be achieved in 15 secends.

4.5 Baseline Reaction Control Subsystem (RCS) for On-Orbit
Vehicle Stabilization - In this section, the on-orbit fuel
requirements for stabilizing the Shuttle with the baseline
reaction control subsystem described in section 3.0 are computed.
Using the baseline RCS for stabilizing the vehicle while on-orbit
is a viable alternative to adding a CMG control system to a
vehicle like Shuttle.

To compute the fuel consumed by the baseline RCS during one
orbit, the number of reactiun jet actuations per orbit must be
determined. The vehicle's on-orbit torque environment is
assumed to be comprised of only gravity gradient torques. The
resultant counteracting RCS control torques are generated by
expelling mass. The minimum rate at which this mass is expelled
corresponds to the case where the resultant RCS control torques
just counteract the effects of the gravity gradient torques.

For this case, the amount of fuel consumed is directly proporcional
to the rectified gravity gradient momentum acting on the vehicle,
If on the other hand the RCS system is continuously limit

cycling back and forth tnrough the kCS deadbands, the resultant
fuel consumption can be excessive.

The maximum average rectified gruvity gradient torques that
can exist along the Shuttle X, Y, and Z axiz are:

3 2
gx|ra = T %o (1,2 - Iyy) M
x ; 2 2\
Tgy[ra T (T, = Ly (2
1 - -3— 2 -
lgzlru v Yo ([yy lxx) o
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where

w? =B (%)
r

W, is the vehicle orbital rate, g is the gravitational acceleration

of the Earth, R is the mean radius of the Earth (R = 3.48 nautical
miles), and r is the distance between the center of the Earth
and the vehicle center of mass.

For a 270 nautical mile circular orbit,

w2=1.23x10% L
o 2
sec
w =1.11x 1073 L. (5)
[o] sec
T ! , T | , and T l equal
gx ra gy 'ra gz ra
T |  =0.396 ft-1b (6)
gx'ra
T | =8.75 ft-1b m
gy ra
gz|ra = 8,36 ft-1b (8)

The minimum angular momentum impulse bit (MIB)i, i=x,yvy, z,

that can be imparted along the vehicle X, Y, and Z control axes
due to firing the appropriate RCS pairs equal

(M[B)i = Flitf i=x,vy, 2 (9

Using the RCS parameters defined in section 3.0, the minimum
impulse bits (MIB)i equal

(MIB)x = 828 ft-1lb-sec (10)
(MIB)y = 4000 ft-1lb-sec (11)
(HIB)z = 4000 ft-lb-sec (12)

The vehicle body rates wy along the X, Y, and Z vehicle axes

due to firing the appropriate momentum impulse bits (MIB)i equal
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W, = ————— (L =x,y, 2) (13)

where

wy is the angular rate along the ith vehicle axis,

radians per second

Iii is the vehicle moment of inertia about the ith axis,

slug—ft2

Using the vehicle inertias given in section 3.0, w , w , and
X y
W, equal

w, = 0.796 m rad/second (14)
wy = 0.487 m rad/second (15)
w, = 0.468 m rad/second (16)

Assume that the Shuttle is in a torque-free environment.
In this environment, the vehicle will limit cycle between the
limits of the baseline RCS attitude deadband tﬁo. Figure 4.2

is a sketch of one of the RCS deadbands. The lower limit, -60,
is designated state a, and the upper limit, +6 , is designated
state b. Assume the ith vehicle axis 1is at st:te a. At this
point, the appropriate RCS thrusters will fire one (MIB)1 sending
the ith axis towards state b. As the 1th axls traverses the

deadband from a to b, the ith axis angular velocity w_, equals

ab

W "Wyt wab(o) 17)

where wab(O) is the ith axis velocity just before the appropriate
i axis RCS reaction jets are fired. The resultant angular

displacement of the ith axis within this attitude deadband equals

0, = [wi + wab(O)]t - 60 (18)

ab
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STATE a STATE b
Bab* “ab
—_———
eba’ “ba
|
-6 l +8 i
o 0 N ]

Figure 4.2. Sketch of RCS Attitude Deadband
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When the lth axis reaches state b, another set of RCS thrusters
will fire sending the 1th axis back towards state a. The
corresponding angular velocity wba and displacement 0ba as the ith

axis travels back towards state a equal

Wpa = ~¥y + mba(O) (19)

eba - [-wi + wba(O)]t + eo (20)

mba(O) is the angular velocity of the ith axis just prior to the
reaction jet firings sending this vehicle axis back towards state
a. From equation 18, the time ta for the 1th axis to traverse

b
the deadband from state a to state b equals

0, = 60 = [wi + wab(())]tab - 60

ab
20o
t, = ———— (21)
ab w, + wab(o)
From equation 20, the time t,a O return to state a equals
eba - -60 - [-wi + wba(o)]tba M eo
280
t, = (22)
ba Wy mba(O)
Under steady state conditinns
tab " ba (23)
Therefore, from cquations 21, 22, and 23,
wab(O) = -wba(O) (24)

Because the angular velocity of the ith axis cannot change
instanteously at either boundary of the deadband, the following
expressions can be written using equations 17 and 19,
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wba(O) = wi + wab(ﬂ) (25)

wab(o) = W, + W

b (O (26)

[V RSN WENCTEE WA ST

Solving equations 24, 25, and 26 for wab(O) and wba(O) in terms
of Wy mab(ﬂ) and wba(O) equal

wy
W, (0) = - 5= (27)

(0) 81— (28)
Luba 2

Substituting the above expressions into either equation 21 or

22 yields the time tTi required to transverse the ith axis attitude
deadband, 26n.

try = tab = tba == 1=1x,v, 2) (29)

For the baseline RCS described in section 3.0, 60 equals 8.75 m rad

(0.5 degrees). Substituting the values of wy given in equations

14 thru 16 into equation 29 yields the transit times to traverse
the X, Y, and Z axis RCS attitude deadbands, respectively,

th = 39 gseconds (30)
tTy = 63.6 seconds (31)
tr, = 66.2 seconds (32)

The assumption that the vehicle is in a torque-free environment ‘
is valid if the actual gravity gradient torques acting on the 1
vehicle are unable to prevent the baseline RCS from limit cycling

with every RCS actuation. The gravity gradient decelerating

angular momentum impulse, Hgi’ for the above deadband transit

times, try® equal
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H (1L =x, Yy, 2) (33)

= ( )
gi (Tgi|ra’tTi

Substituting the appropriate values of Tgilra and t,l.1 into

equation 33, Hgi corresponding to the three vehicle axes equal

H = 15.4 ft-1lb-sec (34)
gx

H = 556 ft-1lb-sec (35)
gy

H = 554 ft-lb-sec (36)
gz

Note that the above values of Hgi are less than one-seventh of
the corresponding RCS minimum momentum impulse bit (MIB)1 indicating

that the gravity gradient torque enviromment cannot prevent the
baseline RCS from limit cycling. The assumption that the
vehicle is in a torgue free environment is therefore valid.
Because the vehicle can be considered to be in a torque-free
environment, the rate of fuel consumption is independent of the
vehicle attitude and only depends on the average time tTi it
takes to traverse the RCS dcadband.

The number of engine firings per orbit equals

1 T (MIB) ¢
NEF/crbit = 2T 1.0

T oty %% T Ly

(it =x,y, 2) 37

where T0 is the period in seconds of one complete orbit.
T = — (38)

For a 270 nautical mile circular orbit, To equals

To = 5 700 seconds (39)




b (Ol e

4-17

The weight of fuel per orbit equals

Ft f '

WOF/orbit = (NEF/orbit) Tg

( o |

T Ft MIB) !

= ?z‘g If § T—-—-}' 1 =1x,y, 2) (40)
o sp ii )

For the baseline RCS described in section 3.0, the weight of fuel
per orbit required to stabilize the vehicle within a +0.5 degree .
attitude deadband equals . -

WOF/orbit = 114 1b/orbit (41)
The amount of fuel consumed per dsy equals
WOF/day = 1,730 1b/day (42)

Tt. - conclusions from the above analysis are: (1) the
baseline RCS fuel consumption rate necessary to hold the Shuttle
attitude within a +0.5 degree deadband is two large and (2) the
resultant RCS contaminates produced are excessive. Increasing
the baseline RCS deadband can drastically reduce the fuel
consumption and therefore the RCS contaminates produced but, at
the expense of vehicle pointing and stabilization. Contamination
is an important consideration because the astronomy payloads
listed in table 4.1 require a cleanr vehicle environment. Three
pessible alternative exist to this contamination problem; they
are: (1) eliminate the astronomy payloads, (2) add a low thrust
RCS system, or (3) add a CMG attitude control system to the Shuttle.
The first alternative is unacceptable because the astronomy
payloads are one cof the principal reasons for having a Shuttle
sortie program. The second alternative, adding a low thrust
RCS, can improve the vehicle pointing and stabilization capabilities
and reduce RCS contaminants. This potential answer is not a
"sure proof" solution because although RCS contaminates are reduced,
they are not eliminated. Even with a low thrust RCS, the
astronomy payloads might still have to be eliminated from the
list of potential Shuttle sortie missions due to RCS contaminates.
The third alternative, the addition of a CMG attitude control
system, can drastically improve the vehicle's long term pointing
and stabilization capabilities without contributing to the
experiment contamination problem because CMGs are contamination _
"free' devices. From a total program standpoint, the costs of A
a CMG control system versus a4 low thrust RCS are very competitive.
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Table %4.2. Shuttle Mission Requirements

—
Absolute Shuttle Pointing Requirement: 3 min

Lo
Shuttle Stabilization Requirement: 3 min/observation

Potential Shuttle Attitudes:
X-POP Inertial
X~-IOP Inertial
2-LV
CMG System Momentum Desaturation: Once an orbit capability
Vehicle Maneuver Rate Capability: 0.1 degree/second
about each vehicle control axis (rate must be attainable
in 15 seconds)
Contamination Control:
Particles: 10,000 class

Gas: 10-6 to 10-7 torrs.
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From a preliminary examination, the total costs including ? ﬁ
operational and refurbishment costs appear to favor a CMG :
system over an add-on low thrust RCS. This third alternative,

the addition of a CMG attitude control system, 1s the preferred

solution.

4.6 Mission Requirements Summary - The mission requirements
defined in this section are summarized in table 4.2. These
mission requirements are used in subsequent sections as guide-
lines to size, configure, and design an approrpiate CMG
attitude control system.

4.7 Notes

Symbols and Abbreviations

ARC Ames Research Center

ASM Astronomy Sortie Missions

CMG Control Moment Gyro

deg Degree

F RCS thrust level

g Gravitational acceleration of the
Earth (32.2 ft/sec)

H ith axis rectified average gravity

gl gradienv momentum (i = x, y, z)

I11 vehicle moments of inertia (i = x, y, 2z) !

IR Infrared 3

ISp RCS fuel specific impulse

21 RCS vehicle moment arms (1 = x, y, 2)

(MIB)1 ith axis minimum RCS angular momentum

—_ impulse (1 = x, y, z)

min Arc minute

G—

min/obs Arc minute per observation

N/A Not applicable

NEF/orbit Number of RCS engine firings per orbit

NS Not specified

R Mean radius of the Earth

RAM Research Application Modules

RCS Reaction Control Subsystem

r Distance between the center of the Earth
and the vehicle center of mass

Sec Arc second

Sec/obs Arc second per observation

Tgilra ith axis rectified average gravity

gradient torque (i = x, y, 2)

[
&
i
!
5i

i
i
!
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WOF/day
WOF/orbit
X-I10P
X-POP

Z-LV

References
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Orbital period in seconds

Time in seconds

Time for vehicle axis to traverse RCS
attitude deadband from "a" to "b"

Time for vehicle axis to traverse RCS
attitude deadband from '"b'" to "a"

Minimum RCS pulse duration

Time to traverse ith axis RCS deaband
i =x,y, 2)

Ultra-violet

Weight of fuel per day

Weight of fuel per orbit

X axis in the orbital plane

X axis perpendicular to the orbital
plane

Z axis aligned along the local vertical

Angular displacement as vehicle axis
traverses RCS attitude deadband from
"a" tO "b"

Initial value of eab at "a"

Angular displacement as vehicle axis
traverses RCS attitude deadband from
"b" to "5"

Initial value of eba act '"b"

RCS attitude deadband limit (iﬁo)

Physical constant, 3.141593

Angular velocity as vehicle axis
traverses RCS attitude deadband from
"a!! tO llb"

Initial value of w, at "a"

b

Angular velocity as vehicle axis traverses
RCS attitude deadband from "b" to "a"

Initial value of w, at "b"

th ba
i" axis angular velocity due to a single

(MIB)1 (L =x, y, 2)
Orbital rate

1. High-Accuracy Stabilization and Control, HMT-2383,

Bendix Corporation, Navigation & Control
Division, Denver Facility, December 14, 1971.




2. Research and Applications Module RAM) Phase B
B Study, GDCA-DDA71-003, General Dynamics/

Convair Aerospace Division, San Diego, California,
August 28, 1971.

3. Astronomy Sortie Missions Definition Study, Final

Report, Volume III, Book 1, Martin Marietta
Aerospace/Denver Division, September 1972.
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5. CMG SYSTEM REQUIREMENTS

Using the mission requirements defined in section 4.0, the
size of the proposed CMG attitude control system and the role
that it is to play in meeting these requirements are determined.
The CMG control system torque and momentum storage requirements
are computed so that a CMG system can be selected and configured
in section 6.0.

5.1 Impact of Mission Requirements on CMG Attitude Control
System - For convenience, the mission requirements specified in
section 4.0 are listed below:

a. Pointing: 3 arc-minutes
b. Stabilization: 3 arc-minutes/observation
c. Contamination

Particles: 10,000 class

Gas: 10-'7 to 10-6 torrs

d. Attitudes:

Inertial X-POP
Inertial X-I10P
Z local vertical

e. CMG Desaturation Capability: once an orbit

f. Vehicle Maneuvering: 0.1 degree/second maneuver
rate capability about each vehicle axis; this
rate should be attainable in 15 seconds.

From a potential experiment payload standpoint, adding a

CMG attitude control system converts a vehicle like Shuttle
from a poorly stabilized experimental base to a rather good
one. The resultant CMG vehicle pointing and stabilization
capabilities should exceed the mission requirements a and b
listed above. Unlike the baseline RCS or a small reaction jet
3ystem, CMGs are contamination free devices and thereiore will
not add contaminates to the vehicle environment. This means
that adding a CMG control system will reduce contamination and
thus make the problem of meeting the mission contamination
requirement, requirement c, more easily attainable. The
remaining mission requirements d thru f directly impacts the
size of the CMG control system. The following sub-sections deal
with the sizing of this CMG attitude control system.
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5.2 CMG Torque and Momentum Requirements ' ;4
5.2.1 Vehicle Torque Environment - The CMG system momentum o

storage requirements are sized based on the gravity gradient
momentum that must be stored per orbit. Because the vehicle
cross products of inertia are assymed to be negligible, the
grivity gradicent torque equation ng reduces to

T aa(lr._-1.) 1

gX y z “zz yy g
pis = - 2 TR R 2
'r88 Tgy 3wo axaz(lxx Izz) (1)

T aa(l =-1) 3

£z Xy yy XX

T , T ,and T are the components of ? along the vehicle
gX gy 82 88

X, Y, and Z axes, respectively. Wy is the vehicle orbital rate,

the rate at which the vehicle orbits the Earth. For a 270 n.m.

circular orbit, w, equals 1.11 x 10-3 radians per serond. ax,
ay, and a_are the components of the local vertical vector & in

vehicle conrdinates. & is a unit vector directed from the center

of the Earth towards the vehicle center of mass. Ixx' Iyy’ and
Izz are the vehicle moments of inertia. The resulting gravity

gradient momentum EBG that must be stored in the CMG system equals

H T d (2)
= t
.44 44
The CMG control system needs only be sized to store the maximum
momentum ﬁgg that can occur during a single orbit because the CMG
sy=tem can be desaturated every orbit (mission requirement e),
It should be evident from the definition of a, the local

vertical vector, that if the vehicle 1is stabilized in a Z-LV

attitude, a, and ay are both zero. The resultant components of
» »
Tax are zero and therefore, no gravity gradient momentum H

storage requirement exists. The same result occurs if either of

the two other vehicle axes X or Y are aligned along 4. For the
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other candidate vehicle attitudes X+<POP and X-IOP, the components
of %gg are not zero and therefore, the CMG control system must be 3

-
sized in order to accommodate the resultaut angular momentum Hgg' i

5.2.2 X Axis Perpendicular to the Orbital Plane (X-POP) - 3
An inertial X~POP attitude where the X roll axis remains ;
perpendicular to the orbital plane is desirable from a momentum

»
storage standpoint because the rescltant gravity gradient torque T

remains low. Assume that the Shuttle is stabilized in the x-pop BB
attitude depicted in figure 5.1. The components of the lo:al
vertical vector & equals

'ax =0 (3)
ay = cosw t (4)

= £
a_ sinwot (5)

where t is the elapsed time in seconds (see figure 5.1).
Substituting the above components of 4 into the gravity gradient

torque equation, equation 1, T

gx® Tgy' and ng equal

Tgx = 3w°2 (Izz - Iyy) sinw t cosw t
= 0.626 sin Zwo: ft-1b (6)
Tgy =0 €D
1gz =0 (8)

-
The resultant graviiy ;--dient momentum Hgg that must be stored

in the CMG system equals :he time integral of the above torque
-»>

components. Because the Y and Z components of ng are zero, the

change in ﬁgg occurs only along the X axis. ng equals

r

H = [T dt-g—'—6—2—6- (cos2w t - 1)
gx gx Zwo o
(o]
= 282 (cosZwot - 1) ft-lb-sec (9)
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For this ideal X-POP attitude, the momentum ng is purely cyclic

and therefore bounded. 1Ideally, given a CMG system large enough
to store ng. no CMG desaturation system would be required since

no accumulative momentum build-ups exist.

Given an ideal X-POP attitude, the maximum valves of torque,
0.626 ft-1b, and momentum, 564 ft-lb-scc, that the CMG system
would have to absorb are small. A reasonable question is does
small angular departures from an ideal X-POP attitude lead to
excessive CMG torque and/or momentum storage requirements. To
answer this question, assume that the vehicle is rotated
through a small angle € about the Z axi{s. The local vertical

vector & equals

Fl € 0-1 r 0 ] Fe coswotq

>

L)

|
m
—
o

cosw t |= cosw t (10)
o o

0 0 1 sinw t
R 4 L o

sinw t
o L o -l

The resultant components of the gravity gradient torque are:

e}
T =30 ° (1 - I ) sinw t cosw t
o yy o o

0.626 sin2wot ft-1b (11)

T = 3w e (1 -1 ) sinw t cosw t
8y o XX zz o o
= -13.9 ¢ sin2wot fr-1h (12)

T = 3w 2 € (1 -1 ) coszw t
gz o yy XX o

13.2 ¢ (1 + cosZwot) ft-1b (13)
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Assume € corresponds to a one degree offset (¢ = 1,745 x 10"2 radian).

T and T _ equal
8y 82

T = -0.242 sin2w t ft-1b (14)
8y o

T =0.230 (1 + cos2w t) ft-1b (15)
g2 o

The magnitude of ? (|? | = \ﬁ?’ )2 + (T )2 + (T )2 ) is
g8 88 gx RY g8z
a maximum when wot equals 0.458 7; the peak magnitude of T
equals 0.715 ft-1b. This magnitude of ¥gg i{s small and therefore

does not pose a sizing prohlem for the CMG system.

_}
The resultant components of the angular momentum Hgg are:

H = l T dt = 282 (cos2w t - 1) ft-lb-sec (16)
gx gx o

T At = 109 (cosZwot - 1) ft-lb-sec (17)

H
8y gy

4i
o
H = T dt = 207 (w_ t + 0.5 sin2w t) ft-lb-sec (18)
gz l gz o o

Note that a non-cyclic momentum build-up occurs along the 2 axis;
the components of momentum along the X and Y axes are cyclic.
After one complete orbit, wot = 271, the momentum build-up

along the Z axis equals

ngla = 0.230t = 1300 ft-lb-sec (19)
It is this accumulated momentum build-up ngla that a CMG desatura-

tion system would have to "dump' per orbit. The time histories

of the components of i

s H , H , and H_, are illustrated in
88 8x gy gz
figure 5.2. From this figure, it is estimuated that the magnitude

of the gravity gradient momentum ERS is a maximum after 7/8 of

|
i
[
N
P
;o
1
i
|
[
b
t
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Figure 5.2 . Angular Momentum vs.
Time (X--POP Attitude)




an orbit has been traversed; ng is near its peak and ng and
Hgy are at half theéir peak values. The magnitude of the peak

gravity momentum stored in the CMG system during a single orbit
equals

By = (2822 + (1092 + (1,300)%11/2

= 1,330 ft-lb-sec (20)

This value of HMAX will be greater in successive orbits because

of the momentum build-up along the Z axis unless means are
provided for desaturating the CMG control system. Continuous
operation in this X-POP attitude for several orbits without
desaturating the CAG system is plausible and is a reasonable
mission requirement.

5.2.3 X Axis in the Orbital Plane (X-IOP) - Maintaining
the vehicle inertially fixed with its long axis, the X axis,
in the orbital plane significantly increases the CMG torque
requirements over those required to stabilize the same vehicle
in a X-POP attitude. The gravity gradient momentum build-up
accumulated during an orbit is small as long as the moments
of inertia of the vehicle transverse axes are approximately
equal which is the case for the vehicle used in this study.

Assume the Shuttle is stabilized in the X-IOP attitude
depicted in figure 5.3. The minimum angle between the vehicle
Z axis and the orbital plane is denoted by the parameter A. The

corresponding local vertical vector & equals

o
cosw _t i
(o]

a = —sinksinwot {21)

-cosksinwot

Substituting the components of & into equation 1, the gravity
gradient torque components Tgx’ Tgy’ and ng are:
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Figure 5.3 Sketch of X-IOP Shuttle Attitude




T = 3w 2 (1 -1 ) sinkcosksinzw t
gx [e) 2z yy (¢}

T = -3w 2 (I -1 ) coslsinw t cosw t
gY o xX zz o o

T = -3w 2 (1 - 1 ) sinisinw t cosw t
gz (V) yy xx o o

Substituting the appropriate vehicle inertia's and orbital rate
Wo corresponding to a 270 n.m. circular orbit into equations

22 thru 24, T , T , and T _ equal
gx" gy 8z

T = 0,313 8in2A (). ~ cos2w t) ft-1b
223 o

T = 13.9 cosisin2w t ft-1b
8y o

T = <13,2 sinisin2w t ft-1b
8z °

Because the magnitude of T is much smsller than those of T
and Ty, , assume that the gravity gradient to‘que cons1s§§y
of oéiy two components T and Tgz. The peak magn%%ude of T

Thax» occurs when w t equals 0.257 and A equals zero; Thax equals

ma

T = 13.9 ft-1b
max

(22)

(23)

(24)

(25)

(26)

27

(28)

This minimum CMG system torque requirement Tmax is over twenty-two

times larger than its corresponding value for the X-POP attitude
(0.626 ft~1b) described in section 5.2.2.

The corresponding components of the gravity gradient
angular momentum ﬁBS are:

H = IT dt = 282sin2A(w t - 0.5 sin2w t) ft-1lb-sec
gx gx o o

H -

T dt = -6,260cosA(cos2w t ~1) ft-lb-sec
8y gy o

H = ‘[ T dt = 5,950s8inA(cos2w t -1) ft-lb-sec
gz gz o

(29)

(30)

(31)

.
| 4
|
i

]
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Note that an accumulative momentum build-up occurs along only
the X axis, ngla equals

H | =282 wt sin2\ ft-1b-sec (32)
gx'a [}

This acc mulated momentum build-up increases at its maximum
rate when )\ equals 45 degrees. After a complete orbit, wot

equals 27, and for a A of 45 degrees, ngla equals

H | = 1,770 ft-1b-sec for w t = 2m, A = 45° (33)
gx a o

ngla is the maximum momentum for an ideal X-IOP attitude that

would have to be "dumped' on a per orbit basis by the CMG
desaturation system.

The maximum gravity gradient momentum that is stored in the
CMG system on a per orbit basis HMAX corresponds to an orbital

elapsed time t approximately equal to 1321 . Because ng is

o
much smaller than either Hgy or ng, HMAx can be approximated by

- 2 2,1/2
HMAX (Hgy + ng )

- 1€12,520)% cos?x + (11,900)2 sin®r)}/2

for we = 1.5w (34)

For A equal to 45 degrees which corresponds to the maximum rate
of momentum accumulation along the X axis, HMAX equals

HMAX = 12,210 ft-1b-sec (35)

The effects of a small angular departure from a ideal X-IOP
attitude must also be considered. Assume that the X axis is
rotated out of the orbital plane through a small angle £ about

the Z axis, the corresponding local vertical vector 3' equals

e -

1
|
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- - o -
1 € 0 c usmot
a' = | - 1 0 -sin) sinwot
0 0 1 L-cosk sinw tJ
ke . [+]

-

ﬁ
cosw t - € sink sinw t
o o

- = | -¢ coswot - sin) sinmot (36)

~-cos) sinw t
o

b -

The prime (') superscript is used to denote the offset X-IOP
attitude from the ideal X-IOP attitude; all unprimed functions
in this section 5.2.3 correspond to the ideal X-I10P attitude.

Substituting the above components of &',into equation 1 and

2
neglecting all terms that are multiplied by EZ(C ~ 0), the
resultant gravity gradient torque components T x" T ', and
T ' equal g gy
gz
2

T '"=1.5w (1 - I )[e cos) sin2w t
gx c 2z yy o

+ 0.5 sin2) (1 - cos2w°t)]

T +1.5w2% (I -1 ) cosh sin2w t (37)
gx o 22 yy o

T '=1.5w 2 (1 - I )[0.5 € sin2X(1 - cos2w t)
gy () xx z2 o

- cos) sin2w°t]

T +0.75w 2 e (1
13 °

xx - Izz) ain2) (1 - conZwot) (18)

2
' LY - " -
'l‘sz 1.5 Wy (Iyy Ixx)IO.S (1 + cos2)) (1 cosZwot)

+ sin) sinZwot]

2
T -0.75 w, € (Iyy - Ixx)(l + cos2))(1 - cosZwoc) (39)
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Tgy, Tgy’ and Tgv are the gravity gradient torque components
corresponding to the ideal X-IOP attitude illustrated in figure

5.3. The components of the gravity gradient momentum ﬁgg are:

H ' .]' T 'dt
gx gx
o)

0.75 w (I -1 )[sin2A(w t - 0.5 sin2w t)
o zz yy o o

-€ cosk(cosZmot - 1]

H - 0.75 w e (1 -1 )cosi(cos2w t - 1) (40)
gx o 2z yy o

H ' = T ‘'dt
BY gy

0.75w (I -1 )[e sin2A(w_t - 0.5 sin2w t)
o xx zz o o

+ cosk(cosZwot - 1)]

=H +0.75we (I -1 )sin2i(w t - 0.5 sin2w t) (41)
BY o 2z o o

XX
t
H '= 'Jr'r 'dt
gz 8z

0.75 W, (Iyy - Ixx)[sinX(COSZwot -1

- (1 + cosk)(wot - 0.5 sinZth)]

=H -0.75we (1 -« I YA 4 cosA)(w t - 0.5 sin2w t)
gz o yy XX o o

Assume that € corresponds to a one degree offset (€ = +1.745 x 10-2

radian). Substituting €, the vehicle moments of inertia, and
the orbital rate Wo corresponding to a 270 n.m. circular orbit

into equations 37 thru 42, the components of ¥g3' and ﬁgg‘ are:

(42)

i
i
i
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T '=T 4 {1.1 x 10°2) cos\ sin2w t (43)
gX gx — o
T '=T + 0,121 sin2) (1 - cos2w_t) (44)
gy gy o

LI ¥ -
ng ng + 0.155 (1 + cos2))(1 cos2wot) (45)
H "=H ¥+ 4.93 cosA(cos2w t - 1) (46)
gX gx (o)
H '"=H + 109 sin2i(w t - 0.5 sin2w_t) (47)
gy gY o o

' e -
ugz ugz # 140  + cosA)(w t - 0.5 sin2w t) (48)

Comparing the above components of ig ' and ﬁgg' with those for
¥88 and ﬁgg given in equation 25 thru 27 and 29 thru 31,
respecitvely, no significant change in the magnitude of the
resultant gravity gradient torque or momentum is produced due
to this one degree € offset.

5.2.4 Acquiring and Maintaining Local Vertical - It was
pointed out in section 5.2.1 that the magnitude of the gravity
gradient torque acting on the vehicle is zero when one of its
principal axes is aligned with the local vertical. To keep
this principal axis aligned with the local vertical, the space-
craft must rotate at the orbital rate wy about an axis perpendicul-r

to the orbital plane. If this axis perpendicular to the orbital
plane is also a principal axis, no dynamic torque due to

spinning the vehicle 1s produced, but if the vehicle is spun
around a non-principal axis a constant dynamic torque is generated
that must be absorbed by the CMG system. This statement can be
verified by the following Euler equation of vehicle motion
contained in section 3.1.

fv = (1] + o x (I]® 49)

¥v is the total resultant torque acting on the vehicle due to all
disturbancg and control torques, [I] is the vehicle inertia tensor,

aad 5 and G are the vehicle gngular velocity and acceleration,

respectively. The terms [I]G and @ x [I]G in equation 49 are




5-15

the two dynamic torque terms due to the angular motion of the
vehicle. Because for a local vertical attitude the vehicle is

spinning at a constant velocity J, 5 is zero and the first term
[I]G is zero. If the vehicle is rotating about a principal
axis, thé vehicle angular momentum [I]G is a vector quantity
along the angular velocity vector I therefore, the second term,

the cross product of J into [1]5, is also zerc. If on the
other hand the vehicle is not rotating about a principal axis,

-+ - -+ +
the dynamic torque wx[Ilw is a constant because w and {I]w are

not aligned. This constant torque @ x [1]3 in vehicle coordi-
nates must be absorbed by the CMG system. The above discussion
emphasizes the need for spinning the vehicle abou. either the

X or Y principal axis when the spacecraft is in a Z local verti-
cal attitude (Z-LV).

For a 270 n.m. circular orbit, the vehicle angular momentum
that the CMG system would have to impart to the vehicle in order
to acquire a Z-LV attitude is a function of whether the vehicle
is spun around the X or Y principal axis. The corresponding
momentum requirements needed to acquire these two Z-LV attitudes,
X-POP Z-LV and X-10P Z-LV, are:

X-POP Z-LV: "H_ =1 w = 1,154 ft-1lb-sec (50)
x XX O

X-IOP Z-LV: H =1 w = 9,111 ft-lb-sec (51)
y yy o

From strictly a momentum standpoint, a X-POP Z-LV attitude is
preferred because it requires the smallest expenditure of
momentum to acquire.

Assume that the vehicle is stabilized in a 7-LV attitude
and that its orbit is elliptical rather than circular. As the
vehicle travels along this elliptical path, the angular velocity é

and acceleration 6 of its spin axis perpendicular to the orbital
plane varies as a function of 1ts orbital position. Because the
vehicle is in a Z-LV attitude, the Z vehicle axis remains pointed

towards the center of Earth along the vector ; shown in figure 5.4.
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> : .
In other words, the vehicle is stationary with respect to r : >

and therefore, the rotational velocity and acceleration of r

equals those of the vehicle's spin axis. The rotational motion

8 of this spin axis can be described by the following four :
equations contained in reference 2. |

rzé-hsconstant (52)

- a(l-ezz
o ™™ T+ecosh (53)
h=na l-e (54)

(55)

where
>
r is the magnitude of r

h is the angular momentum of the vehicle about the
center of the Earth

8 is the angle from perigee describing the location of ;
a is the semimajor axis of the orbit
e is the eccentricity of the orbit

n is the mean motion, i.e., a constant angular velocity
having the same period as the orbit

R 1is the mean radius of the Earth
g 1s the gravitational acceleration of the Earth (32.2 ft/sec)

Combining equations 52 and 53,

2
8 = h§1+ec0392 (56)
2,2
a (l1-e")
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Substituting equation 54 into 56, - -

2
o n(l+ecosf)”
0 - piltgcond). 67

(1-e7)

If e is small, the above expression can be simplified,

§ o R(lt+2ecosB) (58)

1-3/2e2

The extreme values of § occur when 6=0 and 6=n. Consequently,
the total change in 6 equals
: n(l+2ecos0~1-2ecosm)
A = 2
1-3/2e

4ne
2
1-3/2e

(59)

Differentiating equation 57 results in the angular acceleratioa ©

5 - -2n2e(1+ecose)3sin6

(60)
(l-ez)3

wh’.:h for small values of e can be simplified to

5 - -2n2e(1+3ecose)sin6
2
1-3e

(61)

The magnitude of 6 1s a maximum when 8 equals % or - %; the

maximum value of 6, 6 » e€quals
max

- 2n2
8 ax ™ -—37 (62)
1-3e

The orbit of an artificial satellite is often described in terms
of its altitude at apogee ha and perigee hp. From the geometry

of an ellipse, the orbit's semimajor axis a and eccentricity e
can be written in terms of ha and hp'
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1
a=R* 5(h84hp) (63)
e = (a~R ~h )/a (64)
e p

Using the above expressions for a and e, the maximum torque,

m

H =1 6 , and the maximum change in vehicle momentum,
max {ii "max

AHmax B Ii

orhits where the orbit's perigee hp equals 100 n.m. and its apogee

i AB (1 = x, y), were computed for a class of elliptical

ha ranges from 100 to 1,000 n.m. The corresponding values of Tmax

and Aﬂmax for these orbits are tabulated in table 5.1. These

values of T and AH appear to be well within the capabilities
max max

of a CMG control system. For apogee altitudes ha greater than

1,000 n.m., the assumption that the orbital eccentricity e is
small is ro longer valid and the approximations made in this
section are not appropriate.

5.2.5 Tracking An Earth Target - Tracking a point on the
surface of the Earth is an experimental requirement for a number
of potential experimental payloads. One possible method of
tracking such a target is to maneuver the vehicle from a Z-LV
attitude so that the experiment's line of sight is always pointed
at the target. The vehicle angular velocity, acceleration, and
the corresponding CMG system torque and momentum requirements
are computed below.

Assume that the vehicle is in a 100 n.m. circular orbit.
The orbital angular velocity w equals

(65)

The magnitude of the vehicie's linear velocity Vo equals

Vo = rwo = Reﬁ‘ (66)
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Table 5.1. Torque and Momentum Requirements for Z-LV
(ha = 100 n.m.; hp = 100 - 1,000 n.m.)
APOGEE X-I0P (1 = y) X-POP (1 = x)
ALTITUDE MOMENTUM MAX. MOMENTUM MAX.
n.m. CHANGE, AHmax TORQUE, T ax CHANGE , AHmax TORQUE, T
FT.LB.SEC" FT.LB. " FT.LB.SEC. FT.LB. "&¥
100 0 0 0 0
200 533 0.3 67 0.04
300 1023 0.57 130 0.907
400 1615 0.80 205 0.10
500 1950 1.08 247 0.14
600 2340 1.25 296 0.16
800 3090 1,57 391 0.20
1000 3740 1.89 474 0.24
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and neglecting the Earth's rotational rate, the maximum vehicle

tracking rate o
ma

X is the ratio of its linear velocity Vo to

R
L] - e &
0‘max r-Re.\/r_ (67)

= 0.0419 rad/sec (2.40 deg/sec)

its altitude.

This maximum vehicle angular tracking rate &m x can be translated

into the following CMG momentum storage requirements AH
For a X-POP Z-LV attitude,

BH = 1__ 0 __ = 4.35 x 10° ft-lb-sec (68)
max XX max

and for a X-IOP Z-LV attitude,

AH =1 & = 3.44 x 10° fr-lb-sec (69)
max yy max

The vehicle's maximum angular acceleration amax can be

estimated by assuming the spacecraft is moving in a straight
horizontal line over the target as shown in figure 5.5. Using
this figure, the tracking angle a equals

& = arctan (vot/aE) (70)

where a
time t §s
target.

1s the attitude of the orbit above the Earth and the
measured in seconds from the point directly above the

Differentiating equation 70 twice, the angular acceleration
a equals

- 3
o = -ZaEvo t

(71)
a 4 + 2a 2v 2t2 + v Até
E E o o

Substituting the appropriate values of a

and ¥ into equation
E o
71, o equals

- ~47.3t

(72)
3.14 x 10° + 1.122 x 10%¢2 + ¢%
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To determine the time t when o is a maximum, o is differentiated
once more and then set equal to zero.

cer 47,3214 x 10° + 1,122 % 10%% + Y

denominator

(73)

The denominator of a need not be evaluated in order to determine

that o equals zero when t equals 13.7 seconds. Substituting
- this value of t intu equation 72, the maximum magnitude of the

vehicle angular acceleration o nax equals

a o = 107 x 1073 rad/sec?(6.12 x 1072 deg/sec?) (74)

This maximum vehicle angular acceleration amax can be converted

into the following CMG torque requirements T . For a X-POP
max
Z-LV attitude,

T =1 .« = 1.11 x 103 ft-1b (75)

max XX max

and for a X-IOP Z-LV attitude,
T =1 a __ =8.79 x 16° ft-1b (76)
max yy max

Summarized in table 5.2 are the CMG torque and momentum
requirements associated with tracking a target fixed to the
surface of the Earth. These CMG torque and momentum require-
ments are excessive indicating that a reasonably sized CMG
control system would be incapable of tracking such a target
by maneuvering the Shuttle. All of these experimental payloads
would have to provide a separate tracking system for tracking
an Earth target while the vehicle is held in a 7Z-LV attitude.
This separate tracking system could be either internal o
external to the experimental instrument. An internal tracking
system would correspond to an image motion compensation system
within the instrument while an external system would correspond
to a mechanical gimballing system that would physically rotate
the instrurent with respect to the vehicle base.
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Tatle 5.2. CMG Torque and Momentum Requirements
for Tracking an Earth Target

ATTITUDE
X-POP Z-LV T = 1,11 x 103 ft-1b
max
AH = 4,35 x 104 ft-1lb-sec
max
X-I0P Z-LV T = 8.79 x 103 fe-1b
max
AR = 3,44 x 105 ft-1lb-sec
max
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5.2.6 Maneuvering - The maximum maneuver rate defined for

the Shuttle in section 4.0 is 0.1 degree per second (1.745 x 10-3

rad/sec) about each vehicle control axis; this rate should be
attainable in 15 seconds (mission requirement f). The CMG torque
Ti(m) and momentum Hi(m)
above maneuver requirement along each axis can be readily computed
using the following expressions

4

(m) -
i 1.162 x 10 Iii (1 Xy Yy Z) (77)

(m) _ -3 = N
N 1.745 x 10 Iii (1 = x, v,

requirements necessary to meet this

H (78)
Using these equations, the CMG torque and momentum requirements
necessary to attain a maneuver rate of 0.1 degree per second about
each axis in 15 seconds were computed and tabulated in table 5.3.

A 0.1 degree per second maneuver rate corresponds to a very
slow maneuver. Because of this slow maneuver rate capability,
the gravity gradient tcrque acting on the vehicle during the
maneuver irterval can result In an appreciable momentum accumulation
in the CMG system. As an illustration, assume the vehicle is
maneuvered between the two attitudes shown fin figure 5.6,
Initially, the vehicle is orient~d so that its positive Z axis is
pointed away tfrom the Earth and its Y axis 1is perpendicular to the
orbital plane directed out of the page. The vehicle is maneuvered
to its desired attitude by rotating the vehicle 1In a clockwise
direction about its Y axis until the Z axis is aligned along the
local vertical as shown in figure 5.6. This particular maneuver can
be associated with a transition from an inertial X-IOP attitude to
an Earth observation X-IOP Z-LV attitude.

Assume that during this maneuver the position of the vehicle
in the orbit does not significantly change. The local vertical

vector a during the maneuver therefore can be approximated by

™ —
cosw t
mn
a= 0 (79)
-sinw t
L mJ
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Table 5.3. CMG Torque and Momentum Maneuver Requirements

CONTROL AXIS T, ® n, @
i ' FT-LB FT-LB-SEC
x 121 1,815
y 955 14,350
2 995 14,920
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Figure 5.0 Example Vehicle Maneuver
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where Wo is the maneuver rate in radians per second (wm =

1.745 x 10-3 radian/second). Substituting the above components

of 8 into the gravity gradient torque equation, equation 1, the
components of ¥ are
R8

T8x =0 (80)
3w°2

'I‘sy =3 (1zz - Ixx)sinZwmt (81)

ng =0 {82)

The gravity gradient momentum accumulated during this 90 degree

maneuver occurs only along the Y axis; this accumulated momentum
(m)
H

gy equals

r

2
g @ . T dt = o (1. -1 ) (83)
RY $'4 2w

[o]

F4 4 XX

Substituting the appropriate Shuttle moments of inertia, maneuver
rate W s and orbital rate W, corresponding to a 270 n.m. circular

orbit into equation 83, Hsy (m) equals

Hgy(m) = 7,930 ft-lb-sec (84)

Adding this accumulated gravity gradient momentum Hgy(m) to the

14,350 €t~1b -sec (table 5.3) needed to accelerate the Shuttle's

Y axis to a maneuver rate of 0.1 degree per second increases

the total CMG momentum requirement needed to perform the maneuver
shown in figure 5.6 to 22,280 ft-lb-sec. A CMGC system with this
large momentum capability is feasible although it would be very
expensive from a cost, weight, and power standpoint. As an
alternative, the baseline RCS because of its large torque and
mementum capabilities should be used to maneuver the vehicle. 1In
this mode, the CMG system would be used to provide fine maneuver
control by reducing system overshoots and settling times.
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5.2.7 Aerodynamic Torques - At the present time, information
conce.ning the aerodynamic coefficients of the Shuttle is not
availanle. Nevertheless, on the basis of previous experience
with vehicles of similar size like Skylab, the aerodynamic
torques acting on the Shuttle can be estimated to be an order
of magnitude smaller than their corresponding gravity gradient
torques. A rough estimate of the CMG aerodynamic torque and
momentum requirements is 1.0 ft-1b and 1,200 ft-lb-sec for a
X-POP attitude and 0.7 ft-1b and 800 ft-1b-sec for a X-ICP
attitude. The differences in these CMG torque and momentum
requirements between a X-POP and a X-IOP attitude can be
explained by noting that the projected vehicle arca perpendicular

to the vehicle's translational velocity vector v, is larger for

a X-POP attitude than for a X-IOP attitude.

5.2.8 Summary of CMG Torque and Momentum Requirements -
Summarized in table 5.4 are the CMG system torque and momentum
requirements derived in this section. Tabulated in column 2 as a
function of Shuttle attitude is the accumulative gravity
gradient momentum that is stored in the CMG system on a per
orbit basis. It is this accumulative momentum that a CMG
desaturation system must be able to "dump" per orbit.

The CMG system torque and momentum requirements listed in
table 5.4 for tracking stationary targets on the surface of

the Earth and for maneuvering the vehicle at a rate of 0.1 -
degree per second are excessive and beyond the reasonable -
capabilities of a Shuttle designed CMG system. Therefore, b

these two functions will not be charged against the CMG coantrol
system. It is recommended that payloads that must track
objects on the surface of the Earth provide their own tracking
wechanisms. This tracking mechanism can be an internal system
such as an image motion compensation system or an external :
gimballing system that tracks the target line-of-sight by i
rotating the affected gciontific instrument with respect (o the 4
Shuttle base. To provide the 0.1 degree per second maneuver
rate requirement needed to maneuver the vehicle between its
various attitudes, the baseline RCS should be used because of
its high torque and momentum capabilities.

The CMG system momentum storage requirement should be 4
based on the peak gravity gradient momentum that the CMG system
must store. From tatle 5.4, the peak gravity gradient momentum
occurs for the werst case X-IOP attitude and equals 12,210 ft-1lb-sec.
For the X-IOP attitude illustrated in figure 5.3, the expressions

>
for the components of the gravity gradient momentum Hgg are

given in equation 29 thru 31. As a review, these exp.ressions are
reproduced below.
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Table 5.4. Summary of Worst Case Torque and Momentum Requirements

PEAK OR ACCUMULATED PEAK
TRANSIENT MOMENTUM MOMENTUM TORQUE
FT.LB.SEC. PER ORBIT FT.LB.
OPERATION FT.LB.SEC.
Maintain X-POP 564 0] 0.6
- Maintain X-POP (1° Misalignment) 1330 1300 0.7
Maintain X-I0P Z 45° from OP 12210 1770 13.9
Maintain X-IOP Z 45° from OP
(1° Misalignment) 12210 2400 14.1
Acquire Z-LV from Inertial Hold R
X-POP 1154 4
Acquire Z-LV from Inertial Hold s
X-10P 9111 1
Maintain Z-LV in Elliptic Orbit {
X-IOP 100 to 1000 n.m. Altitude 3740 1.9 3
Track Earth Target X-POP Z-LV 4.35x10° 1110 3
Track Earth Target X-IOP Z-LV 3.44x10° 8790 3
Slew At 0.1 deg/sec (Z-axis) 14920
Acceleratz at 0.1 deg/sec in
15 sec (Z-axis) 995
Gravity-Gradient Effect During
Maneuver 7930 13.9
Aerodynamic Torque X-POP 1200 1
Aerodynamic Torque X-IOP 800 0.7
OP - Orbital Plamne

-me
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H = 282 sin2A(w_t - 0.5 sin2w t) ft-lb-sec
gx o o

H = -6,260 cosA(cos2w t - 1) ft-lb-sec
gy o

ng = 5,950 sinA(cosZwot -1) ft-lb-sec

Note that on a single orbit basis, the momentum that the CMG
System must store occurs principally along the Y and Z axes.
Also note that these components are cyclic and that their
algebraic signs do not change ~ut, vary between zero and their

<>
peak magnitudes. Because the gravity gradient momentum H

acting on the vehicle 1is predictable and basically cyclie

and because the algebraic signs of the principal components of

H , H
8% BY

capability can effectively be doubled by properly initializing
the CMG system so that the stored momentum along each axis is

pericdic about zero. The CMG system can also be initialized

so that the momentum stored along the X axis varies over a range
centered around zero.

and ng, de not change, the CMG system momentum storage

Based on the aerodynamic and gravity gradieat momentum

that the CMG system must be capable of storing, a CMG system
spherical momentum requirement of 13,000 ft-lb-sec was selected.
Assuming proper CMG initialization, this momentum capability can
provide: (1) a sufficient momentum storage capability to enable
the vehicle to remain in a X-POP, a X-IOP, or a Z-LV attitude
for several orbits without desaturating the CMG system, (2) an
adequate safety margin, and (3) sufficient momentum tc permit
small angle CMG gravity gradient desaturation maneuvers. From

a CMG torque standpoint, a double gimbal CMG can be expected

to develop a torque of 60 ft-1b per 1,000 ft~lb-sec of wheel

(29)

(30)

(31)

momentum. In general, a single gimbal CMG can generate a larger torque

per 1,000 ft-lb-sec of wheel momentum than a double gimhal

CMC. Based on the torque requirements listed in table 5.3 and
on the specified 13,000 ft-lb-sec CMG system momentum storage
requirement, a CMG system torque requirement of 200 ft-1b along
each axis is more than adequate and can be reasonably produced
by any CMG configuration with a 13,000 ft-lb-sec spherical
momentum storage capability. In summary, the CMG system
momentum and torque requirements determined in this section are:

Monentum: 13,000 ft-lb-sec (spherical)

Torque: 200 ft-1b about each axis
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5.3 CMG Redundancy - The CMCG system redundancy criteria
selected 1s a "fail operational, fail safe" philosophy. If
a single CMC should fail, the remaining CMG system must be
capable of successfully completing the mission. 1If a second
failure should occur, this failure must not endanger the crew
or vehicle. This "fail safe"” condition is inherent because
the baseline RCS is always available to return the crew and
Shuttle to Earth.

5.4 Notes

S.4.1 Symbols and Abbreviations

a Elliptical orbit. semimajor axis %
a Local vertical vector in vehicle space f%
ax,ay,az Components of a R
;, Local vertical vector a after small angle

rotation
CMG Control momentum gyro
e Orbital eccentricity
ft-1b Foot pound(s)
frt-1lb-sec Foot pound second(s)
g Gravitational acceleration of the Earth
ﬁgg Gravity gradient angular momentum

->

ng,“gy'ﬂgz Components of Hgg
-+
H

' ﬁgg after a small angle vehicle rotation

g8 - . !
H ''H ',H ' Components of H ' B
gx BY g2z g8 1
Maximum angular momentum . ]

max
AHmax Maximum change in momentum
h Vehicle angular momentum about center of

Earth 1
ha Altitude at apogee 1
hp Altitude at perigee - ;
Iii Vehicie moments of inertia (i=x,y,2) 1
[1] Vehicle inertia tensor _
n Mean motion of vehicle in orbit !
n.m. Nautical mile(s) ,
RCS Reaction control (sub) system 3
Re Mean radius of the Earth !
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: T Vector from the center of the Earth to
. - vehicle center of mass
; ng Gravity gradient torque
o T ,T ,T Components of T
gx" gy Rz BR
%gg' ng after a small angle vehicle rotation
T ',T ',T " Components of T
BX ° Ry = 8z :324
- Tmax Maximum torque
t Time (seconds)
Vo Linear velocity of vehicle in orbit
X-POP X axis perpendicular to the orbital plane
X-10P X axis in the orbital plane
-1V Z axis along the local vertical
o Angle between line of sight and vertical
&qu Maxlmum vehicle tracking rate
€ Small angle vehicle rotation
6 Rotational displacement about spin axis
¢ Rotational velocity about spin axis
A6 Incremental change in 8
e} Rotational acceleration about spin axis
8 Maximum &
max
A Angle 7 axis 1is rotated out of the orbital
N plane for X-10P
% Vehicle angular rate
w Vehicle angular acceleration
QO Vehicle maneuver angular rate
Yo Orbital rate
5.4.2 References

l. Routh, E. J., Advanced Dynamics of a Svstem of
Rigid Bodies, Dover, 1905.

2. Battin, R. H., Astronautical Guidance, McCraw-
Hiil,

1964,
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6. CMG CONFIGURATION STUDY

The purpose of this section is to survey the types and sizes
of contrcl moment gyros (CMGs) that are available and to configure
an appropriate CMG control system that can meet the momentum,
torque, and CMG redundancy requirements defined in section 5.
These CMG system requirements are:

Momentum: 13,000 ft-lb-sec (spherical)
Torque: 200 ft-1b about each control axis
Redundancy: fail operational, fail safe

6.1 CMG Types - There are two principal types of CMGs:
(1) a single gimbal CMG (SGCMG) and a double gimbal CMG (DGCMG) .
Sketches of these two types of C¥Gs are shown in figure 6.1. A
SGCMG has a single gimbal between its wheel and its base, its

gimbal axis 1s perpendicular to its wheel momentum vector ﬁ. A
DGCMG has two gimbals between its wheel and base and is essentially
a SGCMG with an additional outer gimbal as illustrated in figure
6.1(b). A SGCMG has a single degree-of-freedom while a DGCMC

due to its additional gimbal has two degrees-of-freedom.

6.2 CMG Output Torque - Because a SGCMG has only one rota-
] >

ome Tomg™0gxH) 1s

constrained to lie along the straight line that is orthogonal to

-
tional degree-of-freedom, its output torque T

both its gimbal axis and wheel momentum ﬁ. This straight line
shown in figure 6.2(a) is referred to as the SGCMG output torque
axis. Adding a second gimbal as shown in figure 6.1(b), a DGCMG

can generate an effective gimbal rate Bg anywhere in the plane

perpendicular to ﬁ and therefore, an output torque TL

MG anywhere

in this pilane as i{llustrated in figure 6.2(b).

The gyroscopic torques in a SGCMG are perpendicular to the
gimbal! axis and therefore ther. is no torque component along the
g8lwbal axis. Thus, the loading capacity of the gimbal bearing is
the {actor that limits CMG output torque. The gimbal actuators
must only accelerate the gimbal and overcome the small gyroscopic
torques due to vehicle rotation. Because there are no large
gyroscopic torques acting along the gimbal axis, relatively large
gimbal rates can be obtained and therefore, large output torques.
Using present technology, gimbal rates as large as 1.7 radians per
second can be generated which means that the magnitude of the max-
imum CMG output torque ,¥'MG max €30 equal 1.7 times the magnitude

> -+
of the wheel momantum H(’TCMGlmax- 1.7]H}).
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For a DGCMG, the CMG gyroscopic torques acting on the
gimbals always have a component along one of these two gimbal

axes. The CMG output torque ¥CMG transmitted to the base is
therefore limited due to the possible saturation of one of the

gimbal actuators. The maximum CMG output torque ]¥ is

CMGlmax )
therefore much smaller than for a corresponding SGCMG with the
same CMG wheel momentum. For example, the DGCMG developed for
Skylab has a wheel momentum of 2,300 ft-lb-sec and a maximum

output torque If of only 122 ft-1b. This value of

N CMGImax
ITCMGImax corresponds to a maximum gimbal rate of approximately

0.05 radian per second which 1s muck smaller than the 1.7 radians
per second capability of a SGCMG. A SGCMG with the same wheel
momentum and a maximum gimbal rate of 1.7 radians per second has

a maximum torque capability of 3,910 ft-1b. Another significant
difference between a SG and a DGCMG are their structurel integrity.
Because of the additional outer gimbal, a DGCMG is structurally
less rigid, more flexible than a corresponding SGCMG. The re-
sultant DGCMG bending modes and mechanical crcss coupling teud to
limit the servo bandwidth to a value lower than that of a SGCMG
with the same momentum rating.

In general, SGCMGs are used where high output torques are
of prime consideration and DGCMGs where large momentum storage
capabilities are required and low CMG output torques are acceptable.
This latter case is the present situation. Any reasonable CMG sys-
tem, SG or DG, that is sjized to meet the CMG momentum storage
requirement of 13,000 ft-lb-sec can also easily meet the 200 ft-lb
torque requiremer.. Therefore, the final selection of CMG type and

configuration is made on the basis of CMG system momentum and
redundancy requirements.

6.3 CMG Survey

6.3.1 Double Gimbal CMGs - DGCMGs sre presently available
without gimbal stops. The elimination of gimbal stops simplifies
the CMG system software requirements because additional control
logic is uot needed to avoid gimbal stops. As a result of the
unlimited gimbal rotation, the available momentum in any direc-
tion is the algebraic sum of the individual CMG wneel momentum.

The resultant CMG system momentum envelope is spherical. There-
fore, the number of DGCMGs required are determined primarily on

the basis of available DGCMG sizes, CMG redundancy, and singularity
avoidance.




For a DGCMG system, singularity occurs when all of thLe CMG
wheel spin axes are parallel. In this condition, it is impossible
for the CMG system to develop a control torque directed parallel
to the spin axes. If the spin axes are all pointed in the same
direction, the system is saturated and the CMG system must be de-
saturated. If the spin axes are parallel bucr, with some axes
pointed in opposite directions, the resultant singularity condi-
tion 1s referred to as an "anti-parallel" condition. This "anti-
parallel" singularity can in general be avoided by redistributing
th2 CMG gimbal angles without generating a net CMG torque.

If the syscem is comprised of only two DGCMG, the "anti-
parallel” condition occurs when the total CMG system momentum 1is
zero. Redistribution cf the gimbal angles is impossible because
any gimbal motion away froam this singularity condition results in
a net CMG torque. However, because the torques acting on the
vehicle are to a large extent predictable, the CMG gimbal angles
can be initialized so as to prevent all three components of the
total CMG momentum from simultaneously passing through zero. In
this way, the "anti-parallel” condition can be avoided. With
three or more DGCMGs, the "anti-parallel" singularity conditions
occur at an infinite number of points in the CMG momentum space.
But, because a sufficient number of CMG rotational degrees-of-
freedom are avallable, singularity can be avoided without generating
a net CMG torque by redistributing the CMG gimbal angles. For a
DGCMG system, singularity avoidance 1is not a critical problem.

The "fall operational, fail safe" CMG redundancy criteria
can be satisfied with a minimum of three DGCMGs. After a single
CMG failure, the total CMG system momentum capability is reduced
and proper (MG gimbal initialization will be necessary to avoid
singularity but, the system is still operational. After a second
failure, CMG attitude control is lost, but because the baseline

RCS is available to return the crew and Shuttle to Earth, the
"fail safe" criteria is satisfied.

Listud in table 6.1 are the momentum, torque, weight, volume,
and power characteristics of the four Bendix DGCMCs that are either
presently available cr will be in the near future. For each DGCMG
model listed in table 6.1, the number of CMGs required to meet the
system requirement of 13,000 ft-lb-sec plus, the resultant CMG
system mowentum capability, weight, volume, and power character-
istics associated with each system are tabulated in table 6.2.

The MA-1000 DGCMG system listed in table 6.2 requires thirteen
CMGs. The software computational requirements associated with rhis
system are excessive because of the large number of CMGs required
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and therefore, this system 1s eliminated from further considera-
tion. The DGCMG system utilizing CMG model MA-2000 is also
eliminated because of its high spin-up power requirement and also
because its remaining system characteristics are very similar to
those exnibited by the DGCMG system using (MG model MA-2300. The
two remaining DGCMG systems are discussed in detail in the following
paragraphs,

The MA-6000D DGCMG system can be mounted as illustrated in
figure 6.3 and because there are only three CMGs, the minimum
allowable by the CMG redundancy requirement, the software com-
putational requirements can be kept to a minimum. Note that the
MA-6000D CMG has a variable CMG wheel speed and therefore, a
variable CMG wheel momcntum. If this DGCMG system is operating
with a CMG momentunm capability of 13,000 ft-lb-sec and a CMG should
fail, the remaining CMG wheel speeds can be increased so that the
total system momentum capability is returned to 13,000 ft-1b-gec.
For this two CMG operational mode, the CMG gimbal angles must also
be initialized to avoid the "anti-parallel" zero momentum singu-
larity condition. The MA-6000D DGCMG is being developed and at
present, only the CMG wheel and gimbal assemblies have been built
and tested. Therefore, the CMG wheel spin-up power is the only
measured quantity contained in tables 6.1 and 6.2; the remaining
parameters are estimater. The chief drawbacks of this system are:
(1) the MA-6000D DGCMG has not been fully developed and may not be
and (2) the system's wheel spin-up power requirraent is high as
compared to the MA-2300 DGCMG system. The principal advantage of
the MA-6000D CMC system over the MA-2300 cne is that it has an
estimated lower operating power requirement. The MA-6000D system
has an operating power requirement of 210 watts as compared to a
390 watts for the MA-2300 system. This advantage is not very
significant because both operating power requirements are rea-
sonable requirements that a Shuttle power system might be expected
to set aside for a CMG contrcl system,

The MA-2300 DGCMG system listed in table 6.2 consists of six
CMGs or twice as many as needed using the MA-6000D DGCMCs. If these
six CMGs are cperated as six individual CMGs, the logic associated
with the CMG control law and singularity avoidance scheme would
approximately double over that required by tiiree DGCMGs, e.g., the
MA-6000D system. The logic associated with the vehicle, maneuver,
and CMG de=aturation control laws would essentially remain unchanged.
A possible CMG mounting configuration for the six MA-2300 CMGs
1s illustrated in figure 6.4. Two CMGs are identically mounted
along each of the three vehicle control axes. The advantage of
this configuration is that each axial CMG pair can be slaved together
so that they act as a single CMG with a wheel momentum of 2H(H=2,300
ft-lb-sec). This effective reduction in tie number of CMGs from six
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to three reduces the computational complexity of the CMG control
law and singularity avoidance scheme to essentially that required
for three DGCMGs or the MA-6000D CMG system. This slaved CMG
operational mode is neither recommended or disapproved of; it is
just a method of reducing the computational complexity of the CMG
control logic.

With the six MA-2300 CMG system, if a single CMG fails, the
CMG system momentum capability is reduced from 13,800 to 11,500
ft-1b-sec which should still be adequate to successfully complete
the mission. No special gimbal angle initialization procedure is
needed to avoid the "anti-parallel" singularity condition because
five DGCMGs are still operational.

One ot the principal advantages cf configuring a CMG control
system uiing the MA-2300 DGCMG is that this CMG has been developed
and built. The MA-2300 DGCMG is Primarily the same CMG that is
used to control the attitude of NASA's first manned orbiting
space station Skylab. The only significant difference between
the proposed MA-2300 CMG and the Skylab ATM CMG is that it has
no gimbal stops.

6.3.2 Single Gimbal CMGs - Becuase a SGCMG has only one

gimbal, its wheel momentum vector H i3 constrained to lie in the
rlane perpendicular to its gimbal axis. Therefore, the momentum
envelope for a SGCMG system 1is not spherical with a radius equal

to the sum of the individual CMG wheel momentums as in the case

of a DGCMG system. A SGCMG system mcmentum envelope is a function
of the number of CMGs, their orientations, aud their wheel moment ums .
Figure 6.5 1s a typical SGCMG mounting configuration; the SGCMGs

are mounted on the faces of an imaginary pyramid. The SGCMG con-
figuration illustrated in figure 6.5 consists of a six-sided pyramid;
each CMG gimbal axis is perpendicular to its corresponding pyramid
face as shown. The X, Y, and Z axes shown in this figure are
assumed to be the vehicle control axes. The vehicle's roll axis,

its X axis, is perpendicular to the base of the pyramid. The shape
of the momentum envelope is a function of the angle 8, the angle
formed by the sides of the pyramid with the base. As 8 decreases,
the envelope becomes flatter with its momentum capability along the
X axis decreasirg. For a 8 of 53 degee3, the momentum envelope¢

is approximately spherical.

The 13,000 ft-lb-sec momentum requirement conputed in section
5 18 primarily based on the momentum storage capability needed in
the Y-Z place. The actual momentum requiremeuts along the X axis
is considerably less than 13,000 ft-lb-sec because the vehicle
moments of inertia about the Y and Z axes, Iyy ana Iz , are

z
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approximately equal and much larger than Ixx’ the X axis moment of

inertia. A spherical momentum envelope is therefore not really
necessary. For Instance, 1if each SGCMG shown in figure 6.5 had a
wheel momentum of 2,300 ft-lb-sec and B equals 25 degrees, the
momentum capabilities along the Y and Z axes would be 13,100 ft-1b-
sec and £,800 ft-1lb-sec along the X axis. This momentum envelope
would be adequate, but its nonspherical shape introduces a new
problem. Assume that this SGCMG system is approaching saturation
along the Y axis as illustrated in figure 6.6. If a reaction jet
system is used to desaturate the CMG system, a torque can readily

be applied directly to the Y axis thus, redicing the mementum along
this axis without difficulty. On the other hand, if CMG desatura-
tion is accomplished using either a magnetic or a gravity gradient
system, the only torque that may be availabie with a component along
the Y axis may also have an unavoidable component along the X axis.
Although the magnitude of the momentum stored in the CMG system

may be decreasing, its direction may also be moving towards rather
than away from saturation as shown in figure 6.6 due to the non-
spherical shape of the momentum envelope. For this reason, the
SGCHMG systems configured in this section will have momentum envelopes
that are approximately spherical.

A SGCMG configuration similar to the pyramid array shown in
figure 6.5 can include as many SGCHMGs and pyramid faces as needed
to meet the CMG system momentum requirements. The minimum number
of SGCMGs required is determined on the basis of CMG singula:ity
avoidance and the "fail operational, fail safe' CMG redundancy
requirements. Singularity for a SGCMG system occurs when all of
the CMG output torque axes are coplanar. In this condition, it is
impossible for the CMG system to generate a torque perpendicular
to this plane and therefore, three axis control is lost.

Singularity for a SGCMG system can be avoided by over sizing
the CMG system and then limiting its operating range to a small
region of the potentially large momentum envelope where no singu-
larity conditions exist. This procedure can be performed when the
momentum that must be stored in the CMG system is predictable by
properly initializing the CMG gimbal angles to insure that the
system will operate in the desired momentum region. The main
problem with this singularity avoidance scheme is that it is
very wasteful of the potential CMG .omentum capability because
the CMG system is constrained to operate in only a small portion
of the total CMG momentum space. For the above reason, this method
of providing singularity avoidance is not desirable.

Another method of avoiding singularity is to develop a scalar
function that {s a measure of the "distance'" from singularity. A
CMG glmbal rate control law i3 then developed that attempts to



6~13

Y
N
X
MOMENTUM ENVELOPE
a PATH OF DESATURATEON BY REACTION JLTS '
b POSSIBLL PATH OF DESATURATION BY MAGNETIC TORQUE
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maximize this function without generating, a net torque. In

this way, singularity is avoided. in order to keep the computa-
tional requirements within reason, the scalar function is driven
to a local rather than a global maximum which unfortunately may
not be very far from a potential singulari{ty condition. At least
four SGCMGs are required to avoid singularity. With three SGCMGs ,
all three gimbal rotational degreec-of-freedom are needed to

generate the desired CMG torque command ¥COM; no additional degree-~

of-freedom 1s available to provide for singularity avoidance. To
provide a singularity avoidance capability, at least one addi-
tional SGCMG or a total of four SGCMGs is needed so that a single
degree-of-freedom is available for singularity avoidance. To
meet the "fail operational, fail safe" CMG redundancy czriteria,

a minimum of five SGCMGs are needed in order to provide for a
single CMG failure.

If a SGCMG faile, the shape of the momentum envelope is
altered which in turn creates a nonspherical momentum envelope.
The resultant shape of the momentum envelope is a function of
which SGCMG fails. This nonspherical momentum envelope results
in the same CMG desaturation problem previously discussed.

Listed in table 6.3 are the SGCMGs that have been built
or are presently being developed by Bendix along with their
corresponding wheel momentum, peak torque capability, weight,
/olume, and power requirements. To meet the 13,000 ft-1b-sec
system momentum requirement, these SGCMGs can be arranged into

pyramid array configurations similar to the one shown in figure
6.5.

One possible configuration is to mount five MA-60C0D SGCMCs

to the faces of a five-sided pyremid. Note that five is the minimum
number of SGCMGs that can be used and still meet the "fail opera-
tional, fail safe" CMG redundancy requirement:. If the angle B,

the angle between the pyramid base and sides, equals 45 degrees,

the maximum available CMG momentum capability along the three
vehicle axes are:

Hx-21,200 ft-1lb-sec
Hy-25,800 ft-1lb-sec

Hz-25,600 ft-1lb-sec

The momentum capability of this array far exceeds the CMG system
momentum requirement of 13,000 ft-lb-gec.

i e e 8

i
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Twelve MA-1300 SGCMGs can also be used to meet the CMG sys-
tem momentum requirement. These SGCMGs can either be uniformly
distributed on the sides of a twelve-sided pyramid or arranged
in narallel pairs on the faces of a six-side pyramid. The former
arrangement provides a much smoother momentum envelope while the
latter configuration can result in a reduction in the CMG control
law computational requirements associated with these configura-
tions if the SGCMGs comprising a CMG palr are slaved together.
For a B of 45 degrees, the maximum available CMG momentum capability
along the vehicle axes for both potential configurations equals:

Hx-ll,OSO ft-1b-sec
Hy-14,200 ft-lb-sec

Hz-14,200 ft-1lb-sec

Thirty MA-450 or MA-500 SGCMGs could also be used to provide
the required CMG system momentu: capability. But becz2use of the
large number of units needed anu the resultant system complexity
»ssociated with this many SGCMGs, these two SGCMGs are eliminated
as potential candidates for a Sbhuttle CMG control system.

Another alternative SGCMG configuration is the scissored pair
configuration illustrated in figure 6.7. A scissored pair consists
of two SGCMGs either geared or servoed together to rotate in opposite
directions at the same rate. The resultant momentum vector asso-
ciated with a SGCMG pair can vary in magnitude but not in direc-
tion. Three orthogonally mounted scissored pairs as shown in
figure 6.7 can generate a control torque in any direction and
requires only a simple control law because each CMG pair generates
a torque along only one of the vehicle control axes. Another ad-
vantage of this configuration is that no singularity condition
exists because the torque axes associated with the CMG pairs are
always orthogonal. This configura*ion's momentum envelope is a
cube with a momentum capability of 2H along each orthogonal axis.
The problem with this configuration is that if a SGCMG should fail,
the system as it is presently being operated is inoperative and
three axis control is lost. The CMG "fail operational" redundancy
requirement cannot therefore be met with this type of a system.

6.4 CMG Configuration Selection - Tabulated in table 6.4

are the four remaining candidate CMG configurations, two DG and
two SG systems, along with the number of CMGs needed, system
weight, volume, and power requirements. Note that the SGCMG
system weights and spin-up power requirements greatly exceed
those associated with the candidate DG systems.
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Figure 6.7 Three-Scissored-Pair SGCMG Mounting Configuration
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Table 6.4. Candidate Shuttle CMG Configuration and Requirements

NU?BER POWER WATTS
OF WEIGHT*#* VCLUME NOMINAL

TYPE MODEL UNITS 1b CU FT SPIN-UP OPERATING
DG MA-2300 6 2,508 108 1,440 390
DG MA-6000D 3 2,700% 84* 1,875 210* 1
SG MA-1300 12 3,132 2,688 432 3
SG MA-6000D 5 4,000% 3,125 350%

* Estimated value

** Does not include weight of CMG inverter assemblies




‘vantage of a SGCMG system is its h.gi: system
Its principal disadvantages besides its
n-up power requirements are: (1) a single
MG failure will result in a nonspherical momentum envelope
which may eithe- prevent or make CMG desaturation with either
a magnetic or gravity gradient <ystem very difficult, and (2)
singularity avoidance {s a conplex problem and can therefore
result in excessive computational requirements. Although com-
pared to a SGCMG system, the torque capabilities of a DGCMG
system are much smaller, it does not exhibit the above problems
associated with a SGCMG system. If a DGCMG should fail, the
system momentum envelope is reduced but, its shape temains
spherical and therefore, CMG desaturation can still be performed
with no increase in complexity by either a magnetic or gravity
gradient desaturation system. Singularity avoidance for a DGCMG
system is not a major problem and therefore can easily be accom-
plished unlike a SCCMG system. Because of the above problemrs
associated with a SGCMG system and because the CMG system torque
requirements are not large and can be met by either a SG or
DGCMG system, the two SGCMG candidate systems listed in table
6.4 are eliminated 3s potential candidates.

The chiel a¢
torque capability.
system weight and spi

0f the two remaining CMG systems, the system weight and

spin-up power requirements favor the MA-2300 DGCMG system but,
on the other hand, the system volume and nominal operating power
requirements favor the MA-6000D DGCMG system. The system com-
parisons between these two systems are very similar and do not
favor one system over the other. The final CMG system selection
is therefore made on availabiiity. The MA-2300 DGCMG system 1is
selected over the MA-6000D system because the MA-2300 DGCMG 1is

a unit that has been built whereas the MA-6000D DGCMG has not
yet been fully developed. The recommended CMG mounting configu-
ration is the CMG pair mounting configuration shown in figure 6.4.

6.5 Symbols and Abbreviations

ATM Apollo Telescope Mount

CMG Control Moment Gyro

CU FT Cubic Feet

DGCMG Double Gimbal CMG

fr-1b foot pound(s)

fr-lb-sec foot pound second(s)

H CMG wheel momentum

by, Hy, Hz CMG system momentum storage capabilities

along X, Y, and = vehicle axes

Iy Vehicle moments of inertia (L = X, ¥, z)
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RCS

SGCMG
CMG
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pounds

Reaction Control (sub) System
Single gimbal CMC

QMG output torque

maximum CMG output torque

Angle between the base and sides of a SGCMG
pyramid mounting configuration (see figure
6.5)

CMG gimbal rate in inner gimbal space

N ———.
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7. CMG SYSTEM STABILITY

The objective of this section is to sp2cify a vehicle control
law along with an appropriate set of control law gains. The con-
trol ilaw gains are selected so as to keep the vehicle stable as
opposed to unstable and to meet the three arc-minute vehicle sta-
bilization goal specified in section 4.1. The control law gains
are computed so that the vehicle can meet this three arc-minute
stabilization goal under the influence of both gravity gradient
and worst case man disturbance torques.

7.1 Vehicle Control Law - The main functign of the vehicle

control law is to compute a CMG torque command TCOM from sensed

body motion that will compensate for the disturbance torques act-
ing on the vehicle resulting in unwanted vehicle motion. The
vehicle control law 1s also used to implement any CMG maneuver
command generated by the (MG maneuver control law. The selected
vehicle control law is a standard rate pPlus position control law.
This vehicle control law is given in equation 1.

?cou = [xr](&D- w) + [xp](A6 +2) (1)

-
; is the sensed vehicle angular velocity. Wy and Ag are the

desired vehicle rotational rate and attitude error, respectively;

both ;D and A8 are computed by the CMG maneuwer control law.
>

¢ 1s a vehicle attitude offset command ; E can be a gravity gradient
CMG desaturation maneuver command. [Kr] and [Kp] are the vehicle

control law rate and position gain matrices, respectively.

er 0 0
(Kp) = 0 Kry 0 (2)
0 0 Ker
1
" Ko 0 0
K -
[ p] 0 pr 0 (3)
0 0 K
pez J



e s e

K K, and K and K _, K _, and sz are the rate and position

rx’ “ry rz px’ “py
gains associated with the three vehicle control axes. These gains
are determined in the following section.

7.2 Vehicle Control Loop - Figure 7.1 shows the general
arrangement of the vehicle control loop. To compute the gain
matrices [Kr] and [Kp], the following assumptions are made: (1)

all control sensors are perfect, (2) the vehicle is rigid, (3)
interaxis vehicle dynamic coupling does not exist, and (4) the
(MG dynamics can be represented by a first-order lag. After a

preliminary set cf values for K., K_, K_, K , K , and K
rx’ ry’ ‘rz’ px’ py P2

nave been computed, the above assumptions will be reexamined.

The largest projected disturbance torque acting on the
Shuttle is assumed to be due to a wall pushoff by a crewman moving
from one side of the crew quarters to the other. The projected
disturbance force profile Fw is shown in figure 7.2. Assume that

this force acts along the Z axis causing a disturbance torque
about the Y axis. Assume an effective moment arm L of 50 feet,
the distance along the X axis from the vehicle center of mass to
the line of action of the force Fw. The change in the angular

rate about the Y axis due to a single wall pushoff equals

Bw, = —=. fF dt = 1.096 x 107 rad/sec (%)
y 1 w
yy
If the pushoffs occur periodically with a crewman pushing off one

wall and then off the opposite wall, the incremental change in the
velocity Awy varies in a steady state condition between plus and

minus 5.48 x 10-5 radians per second. The angular displacement
during a half cycle, P/2, approximately equals

86 5.48 x 1072 (P/2)= 2.74 x 10™5P radians (5)

One of the mission requirements described in section 4.0 is that
the vehicle attitude must be stabilized to three arc-minutes dur-
ing each observation. Because wall pushoffs are by far the largest
disturbances expected, an error of two arc-minutes from this

source 1s tolerzble. Substituting the appropriate value for

Aey, 5.82 x 10™% radian, corresponding to two arc-minutes into
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equation 5, the period P equals 21.3 seconds. This period P corre-
sponds to a principal frequency of 0.295 radian per second. If the
period P is made shorter than 21.3 seconds, the corresponding
principal frequency would increase but, because the angular dis-
placement AOy decreases as the frequency increases, the result-

ing aey will not exceed the two arc-minute limfitation. Therefore,

the vehicle control loop must only be effective for frequencies
less than 0.3 radian per second.

Consider the signal flow diagram of the simplified control
system shown in figure 7.3. Applying Mason's method to this sig-

nal flow diagram, the transfer function with the outer loop open
is

a0}

o . K
c P

2
s(TgIS + Is + Kr)

(6)
5

2
s(s /wr+2Cr8/wr+l)

where W and Cr are the natural frequency and damping ratio of the

rate loop, respectively. A Bode diagram of this transfer function
is shown in figure 7.4. A rule of thumb is that the closed loov
will be stable if the open-loop transfer function crosses the
zero-db axis at a point where (1) its slope is 20 db per decade
and (2) there are no breakpoints within an octave. The crossover
w111 be set at 0.3 radian per second to provide the bandwidth
specified in the previous paragraph. If w_ is set at 1.0, it will
be more than an octave from the crossover,rand setting {_ equal to
0.707 will prevent the occurrence of resonant peaks. Fol rotu-
tional motion about the pitch axis, Y axis, _the vehicle moment of
inertia I, Iyy' equals 8.21 x 106 slug feetz. Substituting these

values of wt' Cr. and I into equation 6, Tg and Kr equal

- l/(2crwt) = 0.707 sec n

K =o 2t 1= 5.82x10°
r r g

ft-1b/(rad/sec) (8)
The asymptote of figure 7.4 has a magnitude of -9.5 db, or 0.30,
at w equal to one. At w equal to one, the magnitude of the de-
nominator of equation 6 equals one and therefore its numerator
K /XK equals the above value, 0.3. Using the value of K_ given
1R eauation 8, Kp equals 1.745 x 10% ft-1b/radian. r
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This preliminary analysis has specified approximate gains i
Kr and Kp that satisfy stabilization requirements in the presence >

of assumed crew motion. Other disturbances, particularly gravity éﬁ
gradient torques must be considered. The gravity gradient torque

acting on the vehicle has a maximum component of 13.9 ft~1b about

the Y axis (X-IOP attitude) and varies so slowly that it may be

considered constant. The steady state displacement Aey(gg) due

to this torque equals

re (8®) _ /K= 13.9/1.745 x 10°
y gy p 9)

7.95%10~° rad = 0.00273 arc minute

which is negligible. Angular displacement due to aerodvnamic
torques are even smaller than Aey(gg). The assumed rate and posi-

tion contrcl law gains are therefore adequate, and error inte-
gration is not required.

Another source of error is the dead zones inherent in each
CMG due to Coulomb friction and various electronic dead zones.
In the case of a 2,300 ft-lb-sec DGCMG, the minimum output
torque is 0.25 ftr 1b. A pegsimistic assumption is that six
of these gyros break away simultaneously, providing a total dead
zone of 1.5 ft 1b. A position error of 0.003 arc minute or a
rate error of 0.009 arc minute per second will generate enough
signal to drive the CMG out of the dead zone. The error is so
small that further consideration of the limit cycle caused by
CMG dead zones is unnecessary.

The first-order lag is a reasonable approximation to the
transfer function of a SGCMG at low frequencies. However, a
typical time constant is 0.02 second. It could be increased to
0.7 second, as required by the foregoing analysis, by reducing
the gain of the gimbal servo; but an undesirable result would be
an increase in the dead zone due to Coulomb friction. A CMG time
constant of 0.02 second and the previously computed rate-loop

gain (5.82x106) give the following transfer function.
% . 1.745x10%
s(0.02x8.21x10082+8. 21x1065+5. 82x106)

T W (s/0.7241) (a 749 .51 (10)
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The Bode diagram of this function shown in figure 7.5 is still
satisfactory.

In the case of a DGCMG, the preliminary estimates may be
improved by use of a more exact gyro model. Figure 7.6 is a |
signal flow diagram of a DGCMG in which all mechanical parts are :
rigid. The corresponding transfer function derived from this
diagram is

51 } NKle(Je3s+C3NKV)
2 2 2 2 2
s +NKV(GlJe3+G3Je1)S+H cos 61+GIG3N Kv

(11)

6lc JelJe3

If the compensation functions G) and Gj are unity, Tl~ becomes
<

. blC
El_ ) T,5+1 (12) i
; 2w 2 1
Glc 8 /wg +2Cgs/wg+l ?
5, f
The vehicle control loop including the transfer function —
$
le

is shown in figure 7.7. One more application of Mason's method

gives the open loop transfer function Eg.
[

32 ) KP(Tns+1)
€

3, 2 2 (13)
s[Is /wg +21§gs /wg+(I+KrTn)s+Kr]

In a typical CMG, Ty 1s about 1 millisecond. K,T, is, consequently,
negligible by comparison to I. Using the values of K, and K, es-
timated by the first-order approximation and setting Wy equal to
l/Tg, 1.414 rad/sec, the transfer function Yo equals

€

% _ 0.3(s/1000+1)
€ s(s/1.30+1) (52/1.045%+2x0.3358/1.045+1)

(14)

The Bode diagram of this transfer function shown in figure 7.8,
indicates a stable system but, the damping ratio 0.335 is in-
adequate.
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CMGs are usually designed to have a natural frequency much
greater than 1.414 radians per second. Ten Hz, or 62.8 radians
per second, is a typical value of wg. If this is used, the
vehicle transfer function % equals

€
8o 0.3(s/1000+1)
€ s(s/0.72+1) (87/62.3°+2x0.7058/62.3+1)

The corresponding Bode diagram also shown in figure 7.8 indi-
cates a more satisfactory system.

Another matter of interest is the effect of crew motion dis-
turbances on the model shown in figure 7.7. The transfer function
relating vehicle displacement 0, to disturbance torque equals

0 (sz+ZC w s+w 2)/I
o T o
Td s 427 w 93+w (1+1 X /I)sz+w (K +t K )s8/I+w  “K /1

g 8 g nr 4 r np P

The previously established values for the parameters contained in
equation 16 are:

T = 8.21x106 slug ft2

Kp= 1.745x106 ft 1b/rad

Kr= 5.82x106 ft 1b/(rad/sec)
L = 0.707

g 0

T = 0.001 sec

n

ug- 62.4 rad/sec

8
Substituting these values into the transfer function Tg'
d
8 2 6
_o (s"+88.8s5+3940)/8.21x10
T (17)

4 (82+0.707s+0.213) (s2+88.1s+3880)

The quadratic factor in the numerator 1is essentially identical
to one {n the denominator therefore thev can be assumed to cancel.
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8

0

Ty

The resulting transfer function equals

% . 1.22x1077
T. 2 (18)
d  8%40.707s+0.213

The time response to a unit impulse of torque can be readily
computed ; Oo(t) equals

eo(:)-a.12x10‘7e‘°'35“t91n 0.295¢ (19)

The crew motion disturbance mentioned previously generates alter-

nating impulses of 900 ft 1b sec each. The resulting displacement,
in arc minutes, is therefore

7 -0.354t

6, (t)=4.12x10""x900x57. 3x60e sin 0.295t ()
-0.354¢

= 1.275e sin 0.295t
which has a maximum value of 0.36 arc minute when t=2.5 seconds.

Although this is the largest disturbance that has been con-
sidered, it is much smaller than the allowable disturbance. A
reduction of vehicle loop gains might therefore be considered.5 By
neglecting CMG dynamics, it is estimated that values of 2.43x10

and 2.08x106 for Kp and Kr’ respectively, will allow the disturbance

to increase to 1.0 arc minute while maintaining a damping ratio of
0.7. Substitution of these values into equation 16 leads to

% L (s%+88.85+3940)/8.21x10°
Ta (%40.2535+0.0296) (s2+88. 85+3940)
- 1.22x107’ (21)

s240.2535+0.0296

The time response Bo(t) corresponding to a 900 ft 1b sec. impulse

in arc minutes equals

-0.217¢
Oo(t) 3.1le sin 0.172t (22)

Oo(t) has a maximum value of 1.0 arc minute at t equal to 4.56

seconds.
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The cancellation of the quadratic terms in equation 21 in-
dicates that the affects of (MG dynamics on the vehicle attitude
control loop is negligible. The revised value of Kp for the Y

axis changes the angular displacement due to gravity gradient

disturbance torques as computed in equation 9 to 0.197 arc minute;

this angular displacement is still negligible. The attitude error attri-
buted to CMG dead zones is increased to 0.02 arc minutes which is

also insignificant. These attitude errors along with those due to

crew motion are illustrated in figure 7.9. Note that the total

attitude error depicted in this figure is well within the desired

three arc minute stablization goal.

The revised rate aad pnsition gains Kri and Kpi’ i=x,y,z,
are:

Kri- 0.243 I11

(23)

Kpi- 0.0295 Iii

Substituting the appropriate vehicle moments of inertia I 1 into

i

the above expressions Kri and Kpi equal
Ktx=2.52x105 ft-1b/(rad/sec)

Kry=1.995x106 ft-1b/(rad/sec)

Krz=2.078x106 ft-1b/(rad/sec)
, 4 (24)
pr=3.068x10 ft-1b/rad

5

K =2.422x10" ft-1b/rad
PY

K =2.522x10° ft-1b/rad
P2

The above control law gains result in a closed loop control system
with a natural frequency of 0.127 radian per second (0.027 Hz) and
a damping ratio of 0.7. These CMG vehicle control law gains are
used in the computer verification task documented in section 12.0.
The purpose of the computer verification task is to demonstrate the
feasibility using a hybrid computer simulation of the selected
control logic assnclated with this CMG control system.
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Figure 7.9. Typical Attitude Errors




7.3 Notes

7.3.1 symbols

CMG
db
DGCMG
ft-1b

fu

G
H
Hz
I
{
I

1
i

[ —
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Control moment gyro

Decibel(s)

Double gimbal (MG

Foot pound(s)

Crew wall pushoff disturbance force

CMG servo compensation function
Wheel spin momentum

Hertz

Vehicle moment of inertia

Vehicle inertia tensor

Vehicle moment of inertia {(i=x,y,z)

Equivalent moment of inertia of CMG wheel
and gimbal

CMG amplifier and motor gain

Vehicle control law position gain matrix

Components of [Kp]

Vehicle control law rate gain matrix
Components of [K ]

CMG tachometer g;in

Effective moment arm corresponding to crew
wall pushoff disturbance

Arc minute(s)

Arc minute(s) per second

CMG gear train ratio

Period between crew pushoffs

Laplace transform operator

Second(s)

Single gimbal CMG

Time (seconds)

CMG torque command
Disturbance torque

Gimbal angle
Gimbal angle (i=1, inner; i=3, outer)

Gimbal rate (i=1, inner; i=3, outer)
Gimbal rate command (i=1, inner; i=3, outer)

Vehicle attitude error or offset command
CMG servo damping ratio

Vehicle angular displacement command

Vehicle angular displacement
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vehicle attitude error

incremental change in vehicle angular dis-
placement due to crew wall pushof fs

CMC time constant (seconds)

vehicle angular velocity

desired vehicle angular velocity
CMG servo natural frequency

incremental change in vehicle angular velocity
due to crew wall pushoffs

2 Reference

Mathemat ical Models for Orbiting Space Station Control

System Analysis, Report No. 70-4, Bendix Corp., Research

Laboratories, Southfield, Michigan, January 1971
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8. CMG MANEUVER CONTROL LAWS

Three methods of implementing the attitude strapdown equations
of motion for a large Earth orbiting spacecraft are described in
this section; they are based on (1) quaternion, (2) direct cosines,
and (3) Euler angle implementations for describing the attitude
of a spacecraft. The function of the strapdown equations is to
generate sufficient vehicle attitude information that will enable
the vehicle to maintain or track specific attitudes and to per-
form vehicle maneuvers. The output of this section i~ to select
one of these CMG maneuver control laws on the basis of software
complexity, computational case, and system performance.

8.1 Vehicle Control Law - The vehicle control law utilizes
the attitude information computed by the CMG maneuver control
»
law to generate the appropriate CMG torque commands TCOM' The
that is sent to the CMG control system

>
CMG torque command TCOM

is governed by the following rate plus position zhicle control
law described in section 7.1.

T oo (K] (wD—w)+[Kp] (08+¢) (1)

>
w is the vehicle angular rate as measured by the rate gyros

mounted to the vehicle, G and Ag are the desired vehicle rate

D
and vehicle attitude error as determined by the CMG maneuver
control law, The gains matrices [Kr] and [Kp] are the corresponding

vehicle rate and position vehicle control law gains defined in sec-

tion 7.0 and Z is a vehicle attitude offset command.

8.2 Quaternion Maneuver Control Law - The attitude of a
spacecraft with respect to some reference frame can be described
by a set of four parameters called quaternions. These four
parameters are based on Euler's theorem that states that the
rotational displacement of a rigid body from some initial
orientation can be described by a single rotation about a fixed
axis. This axis is referred to 2s an eigenaxis because it is
common to both the reference and vehicle coordinate frames. The
quaternions describe the attitude of a spacecraft by defining
the eigenaxis and the appropriate angular displacement about
this axis necessary to transfer from the reference frame to
vehicle space.
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8.2.1 Quaternion Definition - Assume that the rigid body
shown in figure 8.1 is rotated with respecct to some reference frame

XYZ about an eigenaxis E defined by the three directional angles

a, B, and Y through an angular displacement 6. Assume that E is
a unit vector.

E=cosai+cosBi+cosyk (2)

A A ~

where 1, 3, and k are unit vectors along the X, Y, and Z axes,
respectively. Let the reference coordinates x, y, z define the
location of a point P in the body prior to the rotation 8 about

E.
Define a second coordinate system x'y'z' such that x' lies

along the eigenaxis E, y' lies in the YZ plane, and z' forms the
remaining axis of the orthogonal coordinate triad x'y'z'. Let

1', §', and k' be unit vectors along x', y', and z', respectivecly.
~ A A ~ ~ ~

i', 3', and k' in terms of i, j, and k equal

i‘-E-cosai+cosBj+cosYk (3)
Thg ixL' _ cosy 7. cosB o
J sina sina 3+ sina k S
ﬁ'-i'xg'- [(C0826+C082Y);
sina
-cosacosfBj-cosacosyk] (55

The transformation from x'y'z' to XYZ space can be defined by
the following transformation:

X x'
Y -[¢R_‘_R|] Y' (6)
Z 2!

where
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Figure 8.1  Rigid Body Coordinate Systems
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2 2
cosa 0 cos B+cos’y

sina

cosy _ cosacosd

(Opepr1= | 028 - Sina sina
cosf  _ cosacosy
LCOSY sina sina

Define a third coordinate systenm Xvazv that is fixed to the

rigid body. Assume that prior to the rotation 6 about E, that the
two coordinate systems x'y'z' and XvaZv are aligned. The coordinates

of point P in body space xvaZv are

- -
X X
v
Yy '[¢R*R'] y ™)
Z z
v
where
[ cosG cosB cosy ]
- . cosy cos8
[¢R'+R] 0 sina sina
c0528+c082Y _ cosocosB  _ cosacosy
L sina sina sina

Now assume the rigid body is rotated about the eigenaxis E
(xv axis) through the angle 6. This rotation can be thought of

as a transformation from the x'y'z' coordinate frame to the new
location of the XvaZv coordinate system as shown in figure 8.2.

The resulting transformation from xvaZv to x'y'z' is

x' qu
y' -[®R'*v] Y, (8)
| % |
where
1 0 0
[°R'*v]- 0 cos® -ginbd

0 sinb cosGJ
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Figure 8.2 Rotational Displacement 8 of xvazv

Fxo. X‘y'l'




The new location of point P in the XYZ reference frame due

to the rotational displacement H about E is given by the following

transformation.
)(-l X
Y -{¢R"'R ' ] [¢R"‘V] [(bR"“R] y (9)
Z z
Let
CILTCNRS | CRPS 1 L N (10)
such that

[.X x1
Y |=[¢] yJ (i1)

2 z

The transformation [¢) describes the new locaticn of the rigid
tody with respect to the XYZ reference frame. [?] equals

[‘11 12 %3

[®)=] a a a,, 12)

21 22

a a a

i1 32 33

where
2

a]l=1~251n2(g)sin o
a12-2[sinz(g)cosacoss—sin(gbcos(gdcosY]
=2[sin2(90c sacosy+ in(g) (900 8]
a4 5)co Y+s 3)c03(3)cos
a -2[sinz(2)c038c09a+sin(9)cos(2)cosyl
21 2 2 2

2,9 2
322-1—251n (§)sin B

n23-2[stnz(g)cosﬁcosy-sin(%)coa(g)cosa]
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-2[sin2(g)cosYcosa—sin(%)cos(%)cosB]

431
332-2[sinz(%)cosYcosB+sin(%écos(%)cosa]
2,6 2
a33-1—231n (i)sin Y
The relative orientation of the two coordinate systems, xvaZv

with respect to XYZ, can be specified by either the transformation

[¢] or by the single axis rotation defined by E and 6 that would
align both coordinate frames. The following four parameters 4>

dy» 45> and q, can be uged to specify E and €.

ql-cos(—g-) (13)
0

qz-Exsin(i) (14)

q3-zy91n(§o (15)

qA-Ezsin(%) (16)

These four parameters are referred to as the four Euler rotational
quaternions. Ex’ Ey, and Ez are the directional cosines that define
>

E (Ex=cosa, Ey-cosB, Ez'cosY). The four quaternions q)> 32, s

and q, are often written in the form of a complex number q.
> ~ ~ ~
- (
q=q,+q,i+q,3+q,k (17)

where 1, j, and k are the unit vectors along the X, Y, and Z
reference axes, respectively.

These four quaternions 9 Ay Uq» and q, are sufficient to

determine completecly the transformation [¢]. It can be shown that

the nine elements of [&] 8,1 852 r 844 can be written in
terms of these four quaternions.
2.2 2 2
811791%92797 a8
21972(459379,9) (19



8-8

321-2(q2q +q1q4) (21)
222 qi qi*“i qzz. (22)

2(q3q4 q,) (23)
a31-2(q2q,.-qlq3) (24)
a3,72(a;d,+a52,) (25)
83374195959, (26)

Since the transformatioan {®] describes the attitude of the rigid
body shown in figure 8.1 with respect to the XYZ reference frame

and since [$] can also be written in terms of 4ys 9> 43> and Qs
these four quaternions also completely specify the orientation of
the X Y 2 coordinate frame.

vv'v

Given [®]), the quaternions 9y, 93» 43 and q, can be computed
from its elements 3117 895 o0 a33 To compute 975 9y q3, and
q,> one needs only to determine the eigenaxis E and the rotational

displacement & about the axis as specified by [¢]. © can be com-
puted using the unique property that the trace of [¢) equals
1+2cos8.

3
trace of [¢]-2: aii-l+2cose (27)
i=]1
8 equals
-1
f=cos [O.S(all+a22+333-l)] (28)

The eigenaxis E ig defined by the three direction cosines, cosa,
cosB, and cosy designated Ex’ Ey' and Ez, respectively. Using

equations 18 thru 26, it can be shown that Ex’ Ey, and Ez equal

a..-a
Ex-cosa- 3% 23 5 (29)
écos(EOSin(ED
a, .-a
Ey-cosB- 13 31 (30)

4cos(§931n(§0




8-9

a,,-a

21 712
4cos (Dsin(P

Ez-cosY- (31)

Using the results of equations 28 thru 31, the quaternions 935 Gy
dy, and q, as a function of the elements of [¢] equal

ql-cos(g) where 0-ccs_l[0.5(811+322+a33-1)] (32)
4,7 sin ()= fi’-f%’-—-’— (33)
q3-l:‘.ysin(-g—)= 812;231 (34)
q“-Ezsin(g)- aZiqilZ (35)

8.2.2 Quaternion Strapdown Equations - The strapdown equations
are a set of equations that are used to digitally compute the four
quaternions by using sensed body rates. In the case of a space-
craft, these body rates wx, wy, and wz are normally sensed and

measured by at least three rate gyros rigidly mounted to the
vehicle.

Assume that the orientation of the rigid body shown in figure
8.3 is due to the Euler rotations ¥, n, and 9. The order of these
rotations is (1) an angular rotation y about the Z axis, (2) an
rotation about the displaced X axis, and (3) a ¢ rotation about
the displaced Z axis. The three Euler rotations Y, n, and ¢ cor-
respond to the following transformations [@]w, [®]n, and [¢}¢,

respectively.
cosy siny 0
[¢]w- -giny cosy O (36)
0 0 1]
1 0 o
[O]"- 0 cosn sinn a3n
0 -sinn  cosn N




Figure 8.3 Euler Rotations v, n, ¢
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cosd sind O
[01= | -stnd  cos¢ 0 O 38)
0 0 1

The transformation from the reference coordinate system XYZ to the
rigid body coordinate frame XVYVZv equals

X X

v

Y, -[¢]¢[®]n[®]w Y (39)
z z

v

The rigid body rates wx, wy, and w_ can be written in terms of

the three Euler rates &, ﬁ, and & as follows

wx [.0
W '[°]¢[°]n[¢]w 0

wz Y
n 0
+[{¢] [ +[d
{ ]¢[ ]n 0 |+[ ]¢ 0 (40)
0 $
Simplifing the above eypression, Wys wy, and w_ equal
O | v
ald]es .
uy “wn& n (41)
w, ¢

where

sinneind cosd 0

[°]¢ﬁ$- sinnrosd -gind O

cosn 0 1l
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The Euler rates @, 6, and & as a function of the body rates Wy

w , and w_ equal
y z

] o Wy
DT e
w
z

-1
where [®]¢ﬁ$ is the inverse of [@]&6

¢
The three Euler rotations Y, n, and ¢ can be represented by

-+ >
three complex quaternions. The following quaternions qw, qn, and

E® correspond to the ¥, n, and ¢ Euler rotations, respectively.

Ew-cos % +sin %-k (43)
En-cos % +sin g-i (44)
E¢-cos %-+sin %-k 45)

The quaternion a that describes the final orientation of the rigid
body as the results of the three Euler rotations Y, n, and ¢ can be
computed by performing the following quaternion multiplication.

dma *q,14a, 4k
=(cos %—+sin % i)(cos g-+sin g-;)(coa %-+sin %—Q) (46)
Note that
12232 2ay
1331k
Jk=-kj=i
ki=-tk=]
The components of E equal
q,=cos g-cos g-co. %‘-ein % cos % sin % 47
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wsin ¥ sin D sin £ +cos ¥ sin D
q, sin 2 sin 3 sin 2 +coe 2 sin 3
esin ¥ sin 2 cos & —cos ¥ sin 2
4 gin > sin 3 Cos 5 —cos 3 8in 3
esin ¥ cos X cos & +cos ¥ cos N
qb sin 2 cos 3 cos ) +cos 2 cos 2

The time derivatives of the above expressions

can be written as follows:

cos % (48)
sin gi (49
3in % (50)

for q1» 93, 3, and q,

e ] . =
9 30 %in %19 |
: o |
1% %20 *2n 2%
q- . = -5 w"
94 a3, a3 ey (51)
w
q a,:’ a,c’ a,:’ Z
U | % fen % | T
where
em-gin ¥ n ® _eos ¥ n ¢
.lw sin 2 cos 3 cos 2 cos 2 cos 3 sin 2
emgin ¥ n ? s ¥ n ]
aln sin 2 sin 3 sin 2 cos 2 gsin 5 cos 5

1 n $ Y

O - — — — - — D. i
a1¢ cos 2 cos 3 sin 2 sin cos cos

2 2

2

az@-cos %-sin %-sin %--sin %Asin g-cos %-\

azﬁ'sin %—cos g-ain % +cos % cos % cos %

azé-sin g~sin % cos % -cos g sin % sin %

‘3®-c°8 % sin g-cos % +8in % gin % sin %

n3ﬁ-sin %-cos g-cos % -cos % cos % sin %

a3$--ain % sin g-ain % -cos8 % sin %»cos %
v n ¢ v n

aéi-cos E-cos E-cos 7 -8in = cos

2 2

et §

T A BTSRRI Qe T e Tt seme TR, BT A TRY
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aaﬁ-—sin % sin g cos % -cos %»sin ;~sin %

¢

cos n cos - sin
2 2

(S =

cmcog ¥ n 4

14® cos 2 ces % sin 2

By gubstituting equation 42 into 51 and then simplifing, E in terms
of the body rates ux, wy, and w, equals

4, ] T PR M R
. 4, U RT :x (52)
T 2 I |
W,
_an BT -

Using the above relationship, the quaternion rate 3 is computed
from the sensed body rates wx, wy, and wz. These computed qua-

-
ternion rates q are then integrated using a numerical integration

technique to compute 3. Equation 52 and the equations used to
perform this numerical integration are referred to as the qua-
ternion strapdown equations. Assume that the numerical integra-
tion technique selected is trapezoidal integration. The resulting
expressions for 410 9y dq» and q, are:

ql=q1P+o.5(ilP+&1)A: (53)
qz-q2P+o.5(52P+42)Ac (54)
q3-q3P+o.5(a3P+&3)At (55)
q,=q,p+0-5(q, 4, )4t (56)

qps qu, qap, a?d q,p are the previously computed quaternions

while p> qu, q3p, and q,p are their corresponding previously

computed quaternion rates. At {s the sample period in seconds
between numerical integrations.
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The sign of the quaternion parameter a9 must remain plus

or the rotational displacement 0 will exceed n (180 degrees).
After performing the Iintegration indicated in equations
53 thru 56 over the period At, the sign of a must be checked.

Lf 9 is negative, the signs of all the quaternions q, thru q,

must be changed. In other words, if q, is less than zero as
1
computed by equation 53,

q = -q (57)
1, = -9, (58)
a3 = -4, (59)
q, = -q, (60)

where the 9, thru q, on the right side of equations 57 thru

60 are those computed in equations 53 thru 56.

8.2.3 Quaternion Maneuver - Assume that one wants to

maneuver the spacecraft to a new attitude described with
respect to the reference frame XYZ by the following trans-
formation [@D].
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210 %120 213D
[®y)=] 2y, 3 33p (61)
10 %20 *3

Using equations 32 through 35, the four quaternions qDl' qu. qD3,
and 904 describing the desired spacecraft attitude can be computed
from the elements of [®D]. allD' 810p° *ctr 8a3p- qDl' qu, qD3,
and Apg equal

C]
D -1
- A - - 62
qppecos () where BD cos [0.5(;11D+322D+a33D 1)] (62)
a.. -a
apge 20230 .
Dl
a -8 .
13D "31D
qD3- 4q (64) il
D1
- 210"%12p €
D4 AqDl

The transformation [@Dv] describing the desired vehicle orientatior

with respect to its present attitude equals

[0 )=10,10¢) 7 (66)

The corresponding quaternion EDV degcribing the desired maneuver

defined by IQDV] equals

-> ~ ~ -~ A A ~
qDV'(ql-qzi_q3j"q4k)(qn1+qbzi+qb3j+qnak)

fapyr] 91 %2 93 4] [9]
9pv2 92 p1 TY%s  Ip3] |92 (67)
9v3 93  9pa  TlWp1 92| [
[ove] {4 T3 2 TIm) |
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The eigenaxis in vehicle coordinates about which the desired man-
euver is to be performed is defined by the following three direc-

(m) I_:(m) and E(ur\)
y ’ z

tion cosines Ex ,

q
E,(‘m)- “——~—-~sz9 (68)

91n(§£5

q
(m) DV3e (69)

sin(im)

q
Eim)= DVloe 70)

m
sin(2 )
where

em 1 em
— - = e — °
7 =cos (qDVI) 0°® > 5 > 90

This desired maneuver is performed by setting the vehicle attitude
error A8 to zero (null vector) and by setting GD equal to

E(rn)-1
X

> (m)

mD wm Ey (71)

(m)
E
|z ]

The maneuver rate @y is set equal to 1.7lon10-'3 radian per second

(six degrees per minute) therefore, the individual maneuver rate
about any single vehicle axis cannot exceed its limit of six de-

grees per minute. This maneuver rate command ;b’ equation 71,

and the zeroed attitude error Ag is inputted to the vehicle con-
trol law until the quaternion Yyp1 approaches unity indicating

that the vehicle is close to its desired attitude. At this
point, the maneuver has been completed and the desired vehicle

rate JD associated with the desired attitude is inputted to the

vehicle control law along with the actual vehicle attitude error

A8.
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It should be noted that if the desired attitude is a local
vertical attitude, the elements of the transformation [QD] are

functions of time; and the magnitude of the desired vehicle rate
;D agsociated with this type of attitude equals wo, the vehicle
orbital rate. For an inertial attitude, the elements of [0D]

>
are constant and the desired wy equals zero.

8.2.4 Quaternion Vehicle Attitude Error - The quaternion EDV
that describes the desired vehicle attitude with respect to its
. actual attitude equals

la)

Iy (9)-9, L-a33-q k) (ap +q,  i+q 3+q k)

rﬁnv1~ r-‘1'1)1 b2  9p3 qna- (qlq

T1%v2 [T %2 "1 Ny Y3 |9 (72)
Ipv3 993 9ps "9y 9py | | 93
| “pve | | %ps T3 9p "1 | Y% |

The quaternions qDVl’ quz, qu3, and qD"A equal

dpy; =cos (3) (73)
quzing)Si“(%° (74)
qDV3=E§E)sin(%O (75)
qDV4=E£€)sin(%) (76)

The vehicle attitude error A§ is completely defined by < and

(s)' E(6)
X

th~ eigenaxis defined by the direction cosines E , and
gD,
zZ

Because ¢ is normally small, the vehicle attitude error
i/ can be approximated using the quaternions q

Lok (6)
ya “Upyr” 7 B Toee)-

pv2* dpy3» and

r‘ -
Ipv2

A8=2 s (77)

qnvaJ
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The above approximation of Ag is inputted to the vehicle control
law in order to generate the appropriate CMG torque command

T ded for AB
COH neede to correct oY .

8.3 Direction Cosine Maneuver Control Law

8.3.1 Direction Cosine Definition - The orientation between
two orthogonal coordinate systems can be described by specifying
the projections between the various axes comprising the two coor-
dinate frames. Figure 8.4 i8 a sketch of the vehicle coordinate
frame Xvazv and the reference frame XYZ. The direction cosines,

the parameters all’ 512, ey a33, are the projections between

the axes comprising these two coordinate systems. For example,
a. is the projection of Xv onto X (or X onto Xv) and a1, is the

projection of Xv onto Y (or Y onto Xv). The direction cosines

811> 819> +ovs 834 are the cosines of the angles subtended between

the corresponding axes shown in figure 8.4. The transformation [¢]
describing the vehicle attitude Xvazv with respect to XYZ

X X
v
- 78
Y | =191 ]Y (78)
z z
vV
equals
%51 %12 %13
(0]= lay)y 2y, 8y, 79
831 23; 83

8.3.2 Direction Cosine Strapdown Equations -~ Equations 18
thru 26 along with the quaternion strapdown equation, equation 52,
are used to derive the corresponding direction cosine strapdown

equations ;11, ;12, cvey ;33. From equation 18, 21 equals

2.2 2 2
81179+9,795379, (18)

The time rate of change of 8, equals




810

a. a
z, 33 23 <
v
a22
e
a
a21 13
42
- Y
B.}l
a1
332
- .
Xy 41 212 a5 %
Yol =221 222 223 |Y¥
X z ‘ ) ‘
Vi LT Y2 333 |

Fizure 8.4 Direction Cosines Associated with Vehicle Frame

XyY,2, and Relerence Frame XYZ
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11

Substituting the expressions for &l’ &2, 63, and aa contained in
equation 52 into equation 80, ;11 equals

;11‘q1(“qzwx'qswy“qawz)+q2(qlwx“qawy*qawz)
=03 (00,7910 ~450,) =0, (Za30, e +ey 0,) (81)
Simplifying and collecting terms of Wos wy’ and w,» ;11 equals
a;,=-2(9,8,+9; 2506, 72(3,3579;9,)%; (82)
From equation 13 and 20, note that
1272(459479,9,) (19)
a13"2(q,9,+4;9,) (20)

Substituting equations 19 and 20 into equation 82, ;11 equals

311.~513wy+a12wz (83)
Similarly, the time rate of change of 81,5 813s e 34 can be
computed. a1, a13, vess 833 equal
3127813 s (84)
31370124 Yy (85)
317023 022, (86)
2227823201 87
a23--a 258y (88)
;31-—a33wy+a32wz (89)
Byp"8354 81 3%, o0

338329 831y on
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From the above expressions, equations 83 through 91, the direction

cosine rates ;ll’ 512, ey a33 are computed using sensed body
rates wx, wy, and mz. These direction cosine rates are then in-

tegrated using a numerical integration technique to compute the
direction cosines 3170 8195 +ees dyqe Equations 83 through 91

plus the equations uged to perform this numerical integration
are referred to as the direction cosine strapdown equations.
Assume that trapezoidal integration is used. The resulting ex-

pressions for all’ 812’ ey 333 are:
au-anp+0.5(éllp+éll)At (92)
alz-alzp+o.s<;lzp+&lz)Ac (9)
31378, 334058 48, ot (94)
a21=a21p+o.5(521p+521)Ac (95)
a22=a22P+0.5(£22P+$22)At (96) ;
3)37353p+0.5 (a5 44, ) At (97) ]
a31-531p+o.5($31p+;31)A: (98)
a32-a32P+o.5(;32p+;32)A: (99)
533-a3)P+0.5(;33P+;33)At (100)

a)1p* 815pr e a43p are the previously computed direct{on cosines

11P* 312pr o °33P ar?

their corresponding previously computed direction cosine rates a1

B1os cens &33, respectively, At 1s the sample period in seconds

a5 Bios cees a43s respectively while a

between numerical integrations.

8.3.3 Direction Cosine V-ohicle Attitude Error - Assume that
the transformation [¢D] describes the desired vehicle attitude

with respect o the XYZ reference frame.

f11p %12p  319p
[op1=1a,5p 8220 %23p (101)
%310 %320 %33p
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The corresponding transformat fon I@DV] that detines the desired

vehicle attitude with respect to lts actual attitude equals

P~ -
(] ] )
11 M2 s
-1 , r ’
[@Dv] [@D][¢] = a5 a5, a5q (102)
] ] o '
I 32
Assume that the vehicle is displaced from its desired attitude by
three small rotations {x' (v' and (z abtout the Xv, YV' and ZV
axes, respectively., The transformation [@DV] can be approximated
by the following small angle transtormation.
o .
1 € -t
z y
[®DV]“ -t 1 . (103)
v -t 1
L Y X .
_ {y' and Ez are the vehicle att{itude errors measured from ve-
hicle *o desired vehicle space. Matching terms in equation 102
and 103, the vehicle attitude error Aé can be approximated by
]
x 423
'- > =4 ' 2
Y €y a3y (104)
- ]
2 412

A8 s inputted to the vehicle control law in order to generate the

appropriate CMC torque command fCOM needed to correct for A5.

8.3.4 Direction Cosine Maneuver - The vehicle can be maneuvered
to a new attitude described by the transformation [@D] by two dis-

tinct rotations. The first rotation aligns one of the corresponding
vehicle axes with its desired orientation and the seccnd rotation
about this axis aligus the r2mainfng two vehicle axes with their
desired orientations. A potential direction cosine rotational se-
quence is demonstrated {n figure 8.5. Figure 8.5a defines the vehicle
orientation, xvazv. and its desired orientation, XDYDZD‘ prior to

any maneuver. Figure 8.5b {llustrates the first rotation w 1 whrich
m
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aligns the vehicle xv axis with its desired orientation XD. This

rotation is accomplished by maneuvering the vehicle about an axis 1
lying in the szv plane. Figure 8.5¢c illustrates the final rotation ;;

;mZ about the Xv axis which aligns the vehicle Yv and 2v axes with
YD and ZD’ respectively.

The procedure for performing the maneuvers depicted in figure
8.5 is (1) to zero the vehicle attitude error Aé (aull vector), (2)

to compute maneuver rate ® , (3) to perform the maneuver associated

2 d
with Wy (4) to generate the appropriate vehlcle attitude error X
that will keep the Xv axis aligned with XD during the second maneuver,

-

(5) to compule maneuver rate w (6) to perform the maneuver asso-

mz'
N
clated with Woo» and (7) to reintroduce the vehicle attitude error

A8 as given in equation 104. The transformation [@Dv] describing

the desired vehicle orientation with respect to its present atti- ,ﬁ
tude equals § 7
1 %12m *13m
-1
[opyl=191100 "= 18510 %22n  %23m (105)
23lm ¥32m *33m
The direction cosinesAallm, 81om0 *te 8qq0 are defined in figure

4a. The unit vector 1DX along the desired vehicle XD axis described

in vehicle space equals

iDX-allmi+812mj+813mk (106)

~ ~ ~

i, J, and k are unit vectors along the Xv. Yv‘ and Zv axes, re-

spectively. The maneuver rate Bml equals

A A

wpUxipe)  cplagank-ay3,d)
. - (107)
"yl el y17
DX 12m "13m
(ixinx)
The unit vector -~ defines the rotational axis and w_ equals
lixinxl n

1.7653110—3 radian per second (six degrees per minute), the maximum




maneuver rate allowed about any single vehicle axis. & 1 is

-
inputted into the vehicle control law, equation 1, as ED(wD-iml).

Toow™ (K 1 (@p-)+1K 1 (48+E) (1)

The vehicle is maneuvered at this rate Gml untii the direction

Eosine a,;, 8pproaches unity indicating that xv and XD are aligned.

@y is then zeroced. To keep the XV vehicle axis aligned with XD’
the following vehicle attitude error a8 is fed to the vehicle con-

trol law.
-

0]
- ' (108)
A8 a3
L)
%12
The vehicle is then maneuvered about its Xv axis at a rate of sz
until aom and 333m approach unity indicating that the Yv and Zv
axes are aligned with YD and ZD, respectively. The unit vector
jDY along the desired vehicle YD axis defined in vehicle space
equals
Iy 22102223 Y2230* (109)
;mZ equals PN - ~
> wm(ijDY) wm(a23m1-a21mk)
W oo™ TRE - 5 3 1/3 (110)
™ ixd | (a,., +a.. )
DY 23m  2lm
-»> -+ > >
fmZ like w 1 18 inputted into the vehicle control law*as wb(mb-
wmz). As soon as both a22m and 8330 approach unity, w , is zeroed

m2
and the venicle attitude error )] as defined by equation 104 is
reintroduced to the vehicle control law.

]
821

28

' 104
a3 (104)

]
82

i I




Inputting Ah into the vehicle control law will zero out any
residual maneuvering errors.

8.4 Euler Angle Maneuver Control Law

8.4.1 Euler Angle Definftion - The transformstion from one
coordinate frame to a second one can be described by three separate
rotations about three coordinate axes. These three rotations are
referred to as the Euler angles. Figure 8.6 illustrates onc of the
various Euler angle sets that can be used. The order in which these
three rotations Y, n, and ¢ are performed are important. For the
Euler angle set shown i{n figure 8.6, the first rotation ¥ 1is about
the X axis, the second rotation n is about the displaced Y1 axis,
and the third rotaiion ¢ is about the diaplaced 22 axig. The final
orientation of this displaced coordinate frame {s denoted as the
vehicle coordinate system KvaZv. The vehicle attitude XVYVZv

with respect to the reference frame XYZ can be described by the
transformation [9].

X X

v

Y, =[®) | Y (111)
Z Z

v

[®]) is a function of the three Euler angles y, n, and ¢$. [9¥]
equals

- (112)
[¢] [%]Nn][@w]
where

1 0 0 |

I%]- 0 cosy siny (113)
LO -8iny  cosy
[cosn 0  -sinn|

e J=1 0 1 0 (114)
Lsinn 0 coan
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cosd sgind 0
[®¢]- -8in) cosd O (115)

0 0 1

Substituting the individual Euler transformation given in equationms
113, 114, and 115 into equation 112, [$] equals

1 %2 213
- 116
()= lay 3y, ay, (116)
831 %32 %3
where
all-cos¢cosn (117)
alz-sinnaianoa¢+ein¢cosw (118)
al,-sin¢31nw—sinncochos¢ (119)
321--sin¢cosn (120)
azz-cos¢cosw—sinnsinWsin¢ (121)
a23-cos¢ainw+sinncoswsin¢ (122)
a3l-sinn (123)
84,=-8inycosn (124)
333-cosncosw (125)
8.4.2 Euler Angle Strapdown Equations - The Euler rates @,
ﬁ, and 5 can be written as a function of vehicle body rates
w , w , and w . But first, let us write the body rates w_, w ,
x' 'y 2 . . . x’ 'y
and w, in terms of Lheir Euler rates Y, n, and §.
w & 0 0
x
- + n 2
wy | =19, 110,108,110 | +(8,100, 1 [ 1] +1¢,] |0 (126)
w 0 0 &
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The transformations [®w], [@n], and [®¢] arc defined in equations

113 through 115, Substituting these transformations into equa-
tion 122, the body rates wx, wy, and wz equal

W coadcosn sind O &
wl = -sindcosn cosp O n (127)
wz sinn 0 1 $J
By computing the inverse of the above matrix equation, the Euler
rates @, ﬁ, and & in terms of the vehicle body rates wx’ wy, and
w, egual
P@“ [ cos¢ -8ind d- rw ]
cosn cosn x
ﬁ - sing cos¢ 0 wy (128)
. -sinncos¢ sindsinn
[ *] | coen cosn Yoo,

Note that when the Euler angle n equals

ne (2n;1)n

where n is an integer (n=0,+1,42,...) the above Euler rate matrix
equation is singular. For these values of n the Euler rates @

and ¢ "blow up." A similar singularity problem exists for all
potential Euler angle rotational sequences. This singular prob-
lem is a major drawback of using an Euler angle implementation
for tracking the angular motion of a vehicle.

The Euler rates &, ﬁ, and & are integrated numerically in
order to compute the Euler angles V¥, N, and ¢ that describe the
orientation of the vehicle with respect to the XYZ reference frame.
Assume that trapezoidal integration 1s used. The resulting ex-
pressions for Yy, n, and ¢ are:

w-wp+0.5[wp+w]At (129)

n-np+o.5[ﬁp+ﬁm: (130)

¢-¢P+o .5 [¢P+¢]A: (131)
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Yoo np, and ¢P and WP, HP. and ¢P are the previously cumputed Euler

angles ¢y, n, and ¢ and Euler rates &. ﬁ, and @, respact tvely., At
fs the sample period in seconds betwean numerical Integrations.
Equations 128 through 131 are the Euler angle strapdowm equations.

8.4.3 Euler Angle Vehicle Attitude Error - The transformation
[OD] describes the desired vehicle attitude with respect to the

XYZ reference frame.

1 %110 %120 %13

| [ép)= 1210 %220 %23 (132)

l “310 %320 %33

where

| a,,p~cosé cosny (133)
alzn-sinnnsinwncos¢n+sin¢Dcost (134)

| 313D-sin¢DsinwD~s1nnDcostcos¢D (135)
a21D--sin¢DcosnD (136)
azzD-cos¢Dcost—sinnDsinstin¢D (137)
a23D-cos¢DsinwD+sinnDcostsin¢D (138)
a3 psinn (139)
a,,p"-siny cosny (140) 5:
a33D-cosnDcost (141)

¢D, Np» and ¢D are the desired Euler angles that describe the
desired vehicle attitude.

The transformation [¢DV] describing the desired vehicle atti-

tude with respect to actual attitude equals

[y 1[0 11017 (142)

where [¢] is the transformation describing the vehicle attitude
with respect to reference, equation 116. Assume that the ve-
hicle is displaced from its desired attitude by three small
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rotations ex’ Ey, and €_ about the XV’ YV’ and Zv axes, respectively,
The transformation [¢DV] can be approximated by the following small

angle transformation
[®Dv]“ - 1 € (143)

Cx’ Ly, and Cz are the vehicle attitude errors measured from vehicle

to desired vehicle space. Matching elements of equation 143 with
those contained in equation 142, the three vehicle attitude errors
€, € , and €_ equal
x’ Ty z

“x 231%210%2322220%233%23p (144)
vy 112310%%122320"213%33p (145)
Y2 21110 2212023 1

Substituting the appropriate expressions for nll’“lZ""'a33'

equations 117 thru 125, and allD’aIZD""’aBBD' equations 133
thru 141, into the above equations, Ex’ Cy’ and Cz equal
Ex=0.5sin¢n[1+cos(wD-W)]sin(nD—n)
-O.Ssin¢D[l—cos(wD-W)]sin(ﬂD+ﬂ)

+cosncos¢Dsin(wD-w) (147)

sy=0.5cos¢{l-cos(w—wn)]sin(WD+n)

+0.5cos¢[l+cos(w-wD)]sin(nD-n)

~sin¢cosnDsin(anW) (148)
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€z=-0.25{[cos(wnww)+l}cos(ﬁnvﬂ)
+[1—cos(wD-w)]cos(nD+n)
—2cos(wD-w)}sin(¢D+¢)
+O.25{[cos(wD—W)+]]cos(nn~n)
+[1-cos (lDD—ljl) Jcos (”D+”)
+2cos(wn—w)}uin(¢n-¢)
+0.5{(sinnn+sinn)c08(¢n-¢)

+(sinnD~sinn)cos(¢D-¢)}sin(wD-w)

(149)

Assume that the Euler angles Y, n, and ¢ are approximately equal
to their corresponding desired Eulir angles WD, Np» and ¢D’

respectively (wzwD, n=nD, ¢=¢D). The vehicle attitude errors

can then be approximated by the fcllowing expressions.

ex:Ansin¢D+chos¢DcosnD

ey:Ancos¢D—Awsin¢DcosnD

ez:A¢+AwsinnD
where AY, An, and Ad equal
AW’WD‘W
An=n_-n
Ad=0-¢

The vehicle attitude error vector 28 equals

3
[ex cos¢DcosnD sin¢D 0 Ay
A§~ ey - —ain¢ncosnD cos¢D 0 An
€, sinnD 0 1 Ad

A8 1s used by the vehicle control law to generate the

CMG torque command ¥COM‘

(150)
(151)

(152)

(153)
(154)

(155)

(156)

appropriate
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Note that in order to use this method for generating Ag, one
must be able to compute the Euler angles WD, Np» and ¢D given the

transformation [OD]. The Euler angles V , and ¢D describe

p* b
three distinct maneuvers about the X, Y, and 72 axes that will
align the XYZ reference frame with the desired vohicle attitude
XDYDZD. The first rotation wD about the X axis rcorients the XYZ

reference frame such that the Y axis is placed perpandicular to
the desired ZD axis. The Z axis can be aligned with ZD by per-
forming the second rotation i about the Y axis. And finally the
third rotation ¢D about the Z axis aligns the X and Y axes with

their corresponding desired axes XD and YD. :

The first rotation wD places the Y axis perpendicular to ZD’
the desired orientation of the Z axis. After this rotation wD’
the transformation [@'] relating the desired vehicle attitude with

Ay eb g

the displaced XYZ coordinate system denoted X'y'z' equals %
Goawwl e ‘
Ugle |ast  af®) ol =10 cosy) -stay (157)
L.;Y) ‘;g) aggi L0 sinwD cosWDJ %
The resultant element of [¢6], aff). afg), ey agg) equal %
aPma (158) §
;g) slzncosw +a13Dsinw (159) §
‘(W) a . sinwD+313Dcost (160) §
ér)"zln (161) |
a(“’)-.22 coay +a,, sinby (162)
g) 2opBin¥ p*823p508Yy, (163)
?




(165)

32 ~83ppC08¥ptagypeingy

433p""8qppoinvpta, qcosy, (166)

The direction cosine elements of [°D] 811p* 812p* o 834p are
defined in equations 1133 through 141, With the Y' axis perpendicular
to Zp, the direction cosine agg) equals zero.

W) b o= 7
aj, aachost+a33Dsin¢D 0 (167)
From equation 167, wD equals
-a
yp=tan™t (—320) (168)
#33p

There are two solutions for wD' one where the magnitude of wD is

less than g-and one where its magnitude lies between % and 7. The

former solution where

-n 169
73 < (169)

(N

is selected. The second rotation p aligns the Z' axis with ZD.
The resultant displaced X'Y'Z' coordinate frame is denoted X'Y"z".
The transformation [°B] relatiug the desired vehicle attitude

xDYDZD with respect to X"Y"Z" equals

[ n) (n) (nf

a cosn 0 sinn

811 %12 13
el M ) ] .,
[°n]' 8, 8 85, [@D] 0 1 0 (170)

(n) (n) (n)
(31 %3z %33

~-ginn 0 cosn

The resultant elements of [08], ui?). a{;), e °§2) equal

ad
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m_ -
a5, alchosnD+(a12DsinwD 513Dcost)sinnD (171)
),
312 lchosw +al3DsinwD (172)
a(n) sinn +(a cosy_-a., siny )cosn (173)
13 llD 13D D 12D D D
(n)_ ,
a, a21DcoanD+(aZZDainw a23Dcost)sinnD (174)
o a(n) cosy_+a siny (175)
| 22 “222p°°%¥p"823p° ™D
),
3,3 "85y sinw +(a23Dcost aZZDsinwD)cosnD (176)
), -
aqy a31DcosnD+(a32DsinwD 333Dcost)sinnD 177)
,(n)
24 32DcosvD 33DsinwD (178)
(n)
833 31Dsinn +(a33Dcost 832Dsinwn)cosnD (179)
Note that if Z'" is aligned with Z,,
aM. 180
a., 1 (180)
a MM (M, aMao 181
)3 "853 "33 "%3 (181)
The definition of a31D’ equation 139, 1is
331D-sinnD (182)
Solving equation 178 for p» "p equals
n =sin 2 (a,,) (183)
D 31D

In the range from -7 to w, there are two solutions for nD that

satisfies equation 183, Only one of these solutions will align
Z" with ZD' To determine which value of "o is computed by setting

the expression for afgz equation 173, equal to zero. Solving for
the cosine of n

D’




a,,.a
cosnD- a siiin-iln cosy
12D D 13D D

(184)

Because the Fuler angle wn is known, equation 168, the cos nD can

be computed using the above expression. If the sign of cosine of
p is positive, the desired value of " lies either in the first

(0 <n, 5.;9 or the fourth (- g-f.nn < 0) quadrant, but {if {t is

negative n_ lles either in the second (%-i n g_ﬂ) or third

D D
(-m <n<- %) quadrant. In other words if the sign of cos nD
as computed in equation 184 1is positive nD equals
neesin "t (a,..) (185)
D i
where % 1_nD > - %, but if the sign of cos p 1s negative
np=(m=In 1 sign(n;) (186)

The value of N used in equation 186 is the value computed in equa-
tion 185. The third Euler angle ¢D can be computed using the

definitions of 210 and a1p’ and the computed value of cos Ny
210 and 21D equal
allD-cos¢DcosnD (187)

ale--sin¢DcosnD (188)

The sine and cosine of ¢D equal

a
11D
cosdy, cosn

821D
cosnD

(189)

sin¢D- (190>

If the sign of cos ¢D is positive, ¢. equals

D

1("21D
COS“D

@D-sin” ) (191)
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T . L
where 5 {490 M but if the sign of cos ¢D {8 negative, ¢D
equalsy

bp=(m-lop1) stgn(ep) (192)

The value of ¢D used in equation 188 {s the value computed in
equation 191

In summary, the Euler angles wD’ nD, and ¢D can be computed
using the following procedure:

1. Compute wD’

-a
lJJD--temd( 32D,

233D
- 1T. < 3l < :”_
where 2 ¥ Ly
2. Compute cos nD'

cosn. = *110%31p

D alznsinwn—a13ncoswn
3. Coupute intermediate Nps ns
-1
'-

npsin “(ayp)
_r v o T
where 2 :_nD < 7

4. If the sign of cosny is positive,
- A
"p""p

but if the sign of cos n_  1s negative,

D

nD-(n-]nI')I) sign(n})

5. Compute cos ¢D.

. M
D cosnD

cosd
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6. Compute intermediate ¢D’ ¢6

-a
1( 21D

, -
¢D-81n cosn
D
- 1.4 ' < 1
where 3 ~¢D <5
7. 1f the sign of cos ¢D is positive,
- 1)
=03
but if the sign of cos ¢D is negative,

dp=(m-|4p]) sigm(s))

8.4.4 Euler Angle Maneuver - This maneuvering technique
maneuvers the vehicle to its desired vehicle attitude defined
by [¢D] by computing the three corresponding Euler rotations

¥ N , and ¢ that will align the vehicle axes X Y Z with
m " m m Vv
their desired orientation XDYDZD. The proper sequence in which

these three mancuvers must be performed are: (1) a maneuver
through an angle wm about the Xv axis, (2) nm about the displaced

Yv axis, and (3) ¢m about the displaced 2v axis.

The transformation [®Dv] that describes the desired vehicle

attitude XDYDZD with respect to the present vehicle attitude XVYVZv

equals
1m ®12m “13m]
-1
(Opyl = (&1 101 " =Ha,, ay, a23m| (193)
83lm a3?m a33m

The Euler angles wm' nm' and ¢m can be computed in the same

manner as WD' Np and ¢D are in section 8.4.3. The Euler

angle wm equals
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a
" 1 32m

= tan (- ) (194)
o 833,

1
R The Euler angle " equals

-1
- 195
. ain (a3lm) ( )

Two possible solutions for nm as given by equattfon 195 exists. For
. no o 5n

example, ff 83 1m equals +0.5, n can equal ef{ther € oF - Only one

of these values 1s proper as can be determined by the sign of cosn .

If the sign of cosn is positive, n equals %. but, {f the sign of

cosnm is negative, the proper value for nm is él. The cosine of nm

6
in terms of the elements of [¢DV] equals

*110%31m
aZImsinwm-al3mcoswm

cosn = (196)
If the sign of cosnm is positive, ”m lies within either the first

6 - nm < K) or fourth (- I < W < 0) quadrants. But if the sign of
cosnm i1s negn:ive, the proper value for nm lies within the second
(;—:_nm = M) or third (-m < Np 2~ —) quadrants. Equations 195 and

196 uriquely determine the proper value for L The third Euler

angle om is determined in a similar manner. @m equals

-1 21m
- - 197
¢m sin ( cosnm (197)
The cosine of ¢m equals
a
cosd = Alm_ (198)
m  cosn

[f the cosine of ¢m is positive, ¢m lies within the first or fourth
quadrant and 1f the cosine of ¢m i{s negative, @m lies within the

second or third quadrant. Equations 197 and 198 uniquely determine
the proper value for @m.
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To petform the three maneuvers wm, nm, and om, the vehicle
att ftude error A5 i{s zeroed and each maneuver (s performed in its
proper gsequence at the maximum a'lowable mancuver rate w , l.MSXlO-3
radian per sccond (six degrees per minute) . The firat vehicle
.

mancuver rate command wml cquals

1
® i1 ) 19
w =W sign (wm 0 (199)
0

The sign of ¢m in the above expression indicates which direction
the vehicle i{s to be maneuvered about the Xv axis. This maneuver

2 d
rate command w is continued until the direction cosine .32m

nl
approaches zero indicating that the Yv axis is perpendicular

» X
to the desired ZD axis. At this point @ is zerved, and the 1
second mancuver nm about the YV axis commences. The vehicle 4

L d
rate command w o assocfated with this maneuver nm equals

<

0

-~

w o =W sign (nm) 1 (200)

m2
0

>
This maneuver rate command W is applied to the system until the
direction cosine &an approaches unity indicating that the Zv

axls is aligned with the desired ZD axis. sz is then zeroed

and the third and final maneuver @m about the Zv axis is

>
performed. The vehicle rate commanded W 3 assvciated with
this maneuver ¢m equals n
[o

= w_ sign (¢m) 0 (201)

B d

wm3

1




-
Fhis maneuver rate command wm

is applied to the system until

3

the direction cosines a and 85 approach unity indicating

llm
that the vehicle Xv and Yv axes arce aligned with their corres-

ponding desired orientations X, and YD’ respectively., These three

D

vehicle mancuver rate commands are ied to the vehicle control Jaw
4

where they replace the desfred vehiele rate w, . At the completion

of the thtrd mancuvers ¢m. the veh!cle attitude error Aé is

reintroduced to the vehicle control law thus correcting for all
residual vehicle maneuvering errors.,

8.5 Strapdown Equation Initialization and Update - The
strapdown equation implementations, the quaternions, the direc-
tion cosines, and the Euler angles, track the attitude of the
vehicle by essentially integrating the vehicle body rates
wx, my, and wz. The numerical integrations associated with each

of these implementuations must be initialized and updated
periodically. The periodic update corrects for computational
errois and the accumulative effects of errors such as rate

gyro drift contained In the measured vehicle rates wx, my, and wz.

For the quaternfon {nitialization and update, the actual values
of the four quaternlon parameters dys Qs 9 and q, are determined

and then substituted for Qpr Qopr Ugpo and qUp in the quaternion
strapdown equations. The initializati{on and update of the
direction cosine and Euler angle strapdown equati.as are performed
in a similar manner except that the corresponding d-rection

~os ines s By .., B s P o,
cosines a.p op 33p ind Euler angles ¢p Ip' and ®p

are determined.

To perform this initialization or update procedure, the
transformation [V] from reference space XYZ to vehicle space
XVYVZV must be determined. This update or initialization

procedure is normaily performed using star trackers attached to
the spacecraft, These star trackers are used to measure in
vehicle coordinates the location of two reference stars whose
coordinates in the XYZ reference frame are known. Assume that
the locations of two reference stays In the XYZ reference frame

are given by the two unit vectors S1 and Sz and that thelir

corresponding vehlcle coordinates as measurgd by thg vehicle star

trackers are described by the unit vectors Sl' and 82'. respectively.
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In order to compute [4], two additlional unit vectors él’ and

» » >
Sl,' must be computed. S, and 812' are the unit vectors

» » »
correspondint to the vector cross product of s, and 8§, and S '

: 1 2 1
and SZ'. respectively.
S, x 3
x
-»> 1 2
T o0
1 * %2
- ’§v §'
S ' %1 %% (203)
T IT
1 2

> > -+
| |A]] represents the norm of the enclosed vector A. 512
»
and 512' are unit vectors that are perpendicular to the planes
»

-+
formed by S, and S. and S.' and §,', respectivcely. These six

NP O S O s letel £
unit vectors Sl' Sz, 812, S1 » Sy and 812 completely specify

the transformation [¢]. To compute [$], the following relation-

ships must be satisfied.

5, = [°]S1' (204)
S, = [¢152' (205)

- - 206
§12 (413, (206)

where

r‘ll 82 813

(0] = lay) a,, a;

831 8y, 833

-
Assume that the unit vestors S

>, -+ +> '
S,’, 512, and 812 are

i | T

i
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e l l- (¢ “7
RN LI S0 e f
Lclj-‘ bc,z;}‘ »
e rdzJ j
. "
S, = 1412 ' - |42
413 923 y
(11,] N
. .
512 12 Si2" = [
| f13) | £23]
Substituting the above vectors into equations 204 thru 206.
214 (o, &, a;] [e]
g1 - W]gl' T2l T %21 %22 %2 €22 (207)
|13 (%31 %32 %3 %23
(4] BTN EEN
‘ Sy= W1, = el = |y 8y, A 42z (208)
13] P 32 %33 Y23 "_
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-~ 1 - -y
£, [0, &, 2, £
LTI L 2L IPRE L EPY I PR P £22 (209)
f13] %1 %2 %) (fa3
|
Equations 207 thru 209 can be rearranged into the following
expressions. ‘
Fe - 1 s
u €1 %2 3 M
dia] = [d21 92 953 82 (210
11 f21 f22 f23] [ %)
2 - S
F‘iz 9 %2 93 w3l
- 211
412 dy1 952 924 %2 (211
£ £, £.. f
|"12] "1 f22 “23) L"zaJ
-~ 1 p- -
93 9 %2 93 F"JJ
- 212
i3 doy 922 973 4 (212)
£ £, f.. f
13 "1 fa2 fa3] | %3]

Applying Cramer's rule for solving simultaneous algebraic
equations, the elements of [¢], 8110 855 +eoy B, can be

computed using equations 210 thru 212. Note that the 2 by 3
matrix appearing in each of these equations are identical.
The symbol 4 is used to denote the determirant of this
matrix., A equals

‘.

|
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0 %22 0]
A e de
det d?l d22 d2]
U'Zl "‘)2 '23‘
v 0ypldyafyy = dgfay) + epy(d

The nine elements of [¢) in terms of the components of Sl'

-

glz' Sl" gz'. and glz' eqUal
L -
‘11 %22 ‘23
f £ £.
&, " -E_:ia_“i{,, 23 |
A
+ c22(d23f11 - d11f23) + C23(d
I .
€21 11 ©23
det  1dy 9y 923
8)2 7 £ f1 i3
A
* ey (dyyfy) = dyfag) *+ey,ld

CUEEEETETE T e

= o Uyptyy = 9yt
21F22 ~ 922820 (213)
g -+

S,
- [cll(d22£23"d23(22)
1t = da2fy) 18 (214) 4
= e, (dy;£,579,58 )
afi1 - 4t /A (215)
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= ley
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d d
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¢a
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d d

£
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-
22 12
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22 "2

-

+ eyldyoty -

a
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det d,., d d

1y 922 92
ETE Ly e T e y(dyntyymdoyty))
R
toedyty  dtyg) e gg(dpghy, — dyty P A 1220)
r°21 ‘13 °23T
det  1dy; di3 dyg )
3" | 21 f13 f23) " [e)y(d)4f537d25%13)
A
+ € y(dyfyy mdy fpg) ¢ cyydy By - dy gy 17 (221)
[ %2 4]
det 1dy, dyy dyy
a3y = |2 f22 f13) " leyy (dppf57d13F22)
- J
v epyld gty = dp i) +oepydy fay - dpyfyy) 18 (222)

To update or to initialize the directfon cosine strap-
down equations, the above computed direction cosines a8,,° a1,

are substituted for a For the

833 e’ ®12p "0 %33p°
quaternion strapdown equations, the updated (or initial)
values of AQpr 1ppe qu, and Up are determined from the star

tracker derived direction cosines. Qpr dgpr ype and 9Up equal
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where

-1
0 = cos [0.5(a11 +a,,+a,- 1)]

L2

Y0 * g,
13" %

ip 6q1P
Lt

Up 49,p

To update (or initialize) the Euler angle strapdown equations,
the Euler angles %b. "r' and OP are also computed from these

ster tracker derived direction cosines. *r equals

a
V-2

v, * tan
P 33

where -

o B

n
< wp < 3. The cosine of np equals

811431
alzsinwp + &Jcoswp

CO‘HP -

If the sign of cosn, is positive, nP equals
- oin-l(a )
"p 3

n L ,
where - 5 < n, < o but 1if the sign of cosnp is negacive, "p
equals

- (”'inp.l) sign (H")

vhere the value of nP' equals the value of n' given by equation
229. The cosine of ‘P equals

223)

(224)

(225)

(226)

(227)

(228)

(229)

(230)




11
= 231
cos¢P cosmy, ( )
If the sign of cos ¢P is positive, ¢P equals
a
= sin t(- 2L 232
¥p sin ( cosn ) (232)
P
kil . LT
where - i_/-wp - 5 but {f the sign of cos @P is negative,
¢ equals
p
= (p=|¢_"|)sign(¢ ") (233)
¢p n-| b [)sig (¢P

where the value of ¢P' equals the value of ¢P given by equation
232.

8.6 Comparison of Candidate Maneuver Control Laws - Three
vehicle CMG maneuver control laws have been proposed. These
three control laws are based on (1) quaternion, (2) direction
cosine, and (3) Euler angle implementations. The vehicle strap-
down equations of motion and associated maneuver equatjcns were
derived for each of these implementations. Listed in table 8.1
are the advantages and disadvantages of each of these three methods.

The chief advantages of the quaternion implementation are
(1) the maneuver produced is optimal and (2) the assoclated
strapdown and maneuver equations can be gimply and readily
computed. The maneuver is optimal because the vehicle is ro-
tated about a single axis through the smallest angle required to
generate the desired attitude change. The disadvantages of this
quaternion control law are (1) updating the quaternion strapdown
equations require computing the four quaternion parameters from
the measured vehicle transformation [¢), and (2) additional
calculations are needed to derive the direction cosine matrix
(#] from the four quaternion parameters computed by the strap-
down equations. These disadvantages are minor because (1) the
additional computations needed to compute the updated quaternions
are few and (2) it is not necessary to compute the direction
cosine matrix [?] ip order to implement this CMG maneuver control
law. The reason one might want to compute the direction cosine
matrix (¢] is because one may be more familiar with this repre-
sentation for describing the vehicle attitude than the corresponding
quaternion representation.
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The advantages of the direction cosine CMC maneuver control
law are (1) the direction cosine matrix is always available and 3
(2) no additional computations are required to update the direc- s
tion cosine strapdown equations. The disadvantages are (1) nine '
linear differential equations must be solved as compared with
only four for the quaternion CMG maneuver control law and
(2) the resulting vehicle maneuver is non optimal. The maneuver
is non optimal because in generzl two distinct rotations are
needed to reorient the vehicle with its new desired attitude.

The single advantage of the Euler angle CMG maneuver control
law is that only three parareters are needed to dascribe the
vehicle attitude rather than four for the quaternion and nine for
the direction cosine maneuver control laws. The disadvantages
are (1) the strapdown equations are a set of non linear differential
equations, (2) the strapdown equations are singular causing the
Euler rates to "blow up" when the Euler angle n approaches

—-?r~-(n-0, +1, ...), (3) updating the Euler sngle strapdown

equations require computing the three Euler angles from the
measured vehicle transformation [3], (4) additional computations
are needed to derive the direction cosine matrix [¢] from the
three computed Euler angles, and (5) the resulting vehicle
maneuver is non optimal. To msneuver the vehicle o a new
orientation, three separate rotations are required.

From a "pure' computational standpoint, either the Euler
angle or quaternion control law are favored over the direction
cosine law. For the Euler angle control law, onlv three para-
meters are neaded to describe the vehicle attitude while for the
quaternion implementation, four parameters are rejuired. To
describe the vehicle attitude using the direction cosine con-
trol law, nine parameters are needed. The major drawback with
the Euler angle control law is that its strapdown squations of
motion are singular. Because of this singularity problem, the
Euler angle control law is eliminated from further ccnsiderations.
The principal drawback of the direction cosine law besides its
large computational requirements is that like the Fuler angle
control law the resultant vehicle maneuvers are non cptimal.

For the quaternion control law, the vehicle maneuvers are
optimal.

The quaternion CMG maneuver control law is seleczed as
baseline because (1) the computational requirements associated
with the four linear quaternion strapdown equations are fawer
than for the corresponding nine linear direction cosine aquations
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or the three nonlinear Euler angle strapdown equations, (2) there
exists no singularity problem as in the case of the Euler angle
strapdown equations, and (3) the resulting vehicle maneuvur is
optimal.

8.7 Selected CMC Maneuver Control Law Signal Flow Diagram -
Figure 8.7 is a signal flow diagram describing the quaternion
CMG maneuver control law logic flow. In box 1, the past vehicle

quaternion rates alP’ aZP’ &3P' and ab? are initialized. Boxes

2 and 3 represent the quaternion strapdown equations. In box 2,

the quaternion rates q;, dj» 63. and &4 are computad from the
vehicle body rates W wy' and w, and are then integrated in box
3 to generate the vehicle quaternions 9 9y 43» and 9, Box 4

represents the procedure for updating or initializing these
strapdown equations. In box 5, the computed vehicle quaternions
are normalized to insure that the sum of the squares of the
quaternions equal unity. In box 6, :he past quaternions
?lP’ qu'.q3p' and Up and the quaternion rates alP' ézp.
Q3p» and Up are updated. These updated quaternion past

§ -
values are needed to computed the strapdown ejuations during
the next pass through the logic flow.

In boxes 7 thru 10, the vehicle attitude error Ag is
computed. In box 7, the quaternions describing the desired
vehicle attitude 9p;* 9p2° 9p3° and qp, are computed from the

transformation {¢D] corresponding to the desired vehicle attitude.

In box 8, the determination whether a maneuver is being performed
or not is made. If a maneuver is being performed, the control
logic is routed to box 11 where the appropriate vehicle maneuver
command is generated. If a maneuver is not in process, the

logic flow moves on to box 9 where the quaternions describing

the vehicle attitude with rcspect to the desired attitude

dyp1* dvp2’ yp3® and dyps 8T computed. In box 10, the vehicle
attitude error A8 1s computed; 48 and the appropriate vehicle
rate ;D as specified by the trans formation IOD] is routed to the
vehicle control law. For an inertial attitude, ;D equals the

null vector. The control logic transfers back to box 2.
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In boxes 11 thru 16, the appropriate vehicle maneuver
command is generated. In box 11, the vehicle attitude error a8
is zeroed and is then routed to the vehicle control law. Imn
box 12, the quaternions describing the desired attitude with
respect to the vehicle Pv1® vz’ Ipvi’ and Ay, 8T computed.

In box 13, the maneuver axis is computed along with the total
maneuver angle em. The logic flow continues on to box lé& where

the vehicle maneuver rate wp is generated. The vehicle is maneuver
about th? computed maneuver axis at a rate wm of six degrees per
minute; wp is routed to the vehicle control law. In box 15,

the quaternion Qyp1 is compared with unity. If 9yp1 1is approiimately

equal to one, the maneuver is finished and the maneuver rate W

is zeroed or set at its desired value as determined by the desired
vehicle transformation [OD]. 1f 91 does not equal unity, the

logic flow is recycled back to box 2,

8.8 Notes

8.8.1 Symbols and Abbreviatiomns

8, 38, pc00,8 Direction cosine elerents of trans-
,11 ,12 .33 formation [¢)
se e Ot i
811.112. .a33 Rat;e:: ::a:ge zf direc:i n cosine
elements 8;10%120: %3
CMG Control moment gyro
E Quaternion eigenaxis (unit vector)
-
Ex‘Ey'Ez Direction cosines describing E
(1) Vehicle inertia tensor
1,3,k Unit vectors along X, Y, and Z axes,
respectively
(K ] Vehicle control law position gain
P matrix
(K] Vehicle control law rate gain matrix
3 Quaternion corresponding to trans-
formation [¢])
Y
?1'q2'q3‘q4 Elements of quatermnion g
>
; Rate of change of quaternion q

. . . (] -»>
qloqzi‘I}oq‘ Elements of q




W W W
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Quaternion corresponding to trans-
formation [ODV]

Unit vectors describing the loca-
tions of two reference stars in
reference space

Unit vectors describing the loca-
tions of two reference stars in
vehicle space

Cross products of §1 and §2 and
gi and 35, respectively

CMG torque command

Computational period (seconds)
Direction cosine angles defining

eigenaxis E
Vehicle offset angle

Components of vehicle attitude error )
Angular displacement sbout eiganaxis E

Vehicle attitude error

Transformation from reference to
vehicle space

Transformation from reference to
desired vehicle space

Transformation from vehicle to de-
sired vehicle attitude

Euler angles corresponding to trans-

formation [9)
Euler angl- ratet

Vehicle angular velocity

Desired vehicle angular velocity

Vehicle maneuver rate limit

Components of vehicle angular
velocity ®

1. Goldstein, Herbert, Classical Mschanics, Addison-

Wesley, 1959,

2. Whittaker, E. T., A Treatise on the Analytical
Dynamice of Particlas and Rigid Bodies,
Cambridge University Prass, 1961.




9. CMG CONTROL LAWS AND SINGULARITY AVOIDANCE TECHNIQUES

The function of the CMG control law 18 to generate an appro-
priate set of CMG gimbal rate commands that will generate the

desired torque command fCOM computed by the vehicle control law

(section 7). The CMG control law is sometimes referred to as the

CMG steering law. In order for the CMG control law to generate

-+

the desired torque command, T the CMG system must avoid all

CoM’
singularity conditions. When a CMC system is in a singularity
state, the CMG control system in general is physically unable to

produce the desired torque ¥COM' The function of the singularity

avoidance scheme is therefore to steer the CMG system away from

all avoidable singularity conditions. A singularity avoidance law
performs this task by distributing the CMG gimbal angles in such a
manner as to avoild singularity but, without applying a net CMG
torque to the vehicle. The separate gimbal rate commands generated
by the CMG control and singularity avoidance laws are in general
summed and sent to the appropriate CMG gimbal servomechanisms.

In this section, four CMG control laws, three singularity
avoldance scheme, and a control function that attempts to combine
the functions of the CMG control law and singularity avoidance
scheme into a single law are developed. From these candidates,

a preferred CMG control law and singularity avoidance scheme are
selected.

9.1 CMG Configuration - The CMG control system selected in section
6 consists of six double gimbal CMGs (DGCMGs) with each CMG having
an individual wheel momentum of 2,300 ft-lb-sec. These CMGs are
similar to the Skylab ATM CMGs; the most significant difference
1s that unlike thc ATM CMGs the proposed CMGs have no gimbal stops.

A possible CMG mounting configuration is shown in figure 9.1.
Two CMGs are identirally mounted along each of the three vehicle
axes. The advantage of this configuration is that each axial CMG
pair can be slaved together so that they act as a single CMG with
a wheel momentum of 2H. This effective reduction in the number
of CMGs from six to three reduces the computational complexity of
the resultant CMG control laws and singularity avoidance schemes.
The various control laws and singularity avoidance schemes de- ,
rived in this report are formulated using this configuration. The t
computational requirements associated with these contro® laws and '
singularity avoidance schemes are determined for two operational
modes: (1) when the CMGs are cperated in slaved pairs as pre-
viously described and (2) when the CMGs are operated as six
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individual units. The CMG control laws and singularity avoidance
schemes for both operational modes are formulated to handle the
failure contingency of one or more CMGs.

9.2 CMG Torque Equations - The CMG torque equations are
derived in this section and are used in later sections to derive
the various CMC control laws. For the CMG configuration shown

in figure 9.1, the resultant CMC output torque T acting on the

CMG
vehicle equals the summation of the output torque Tci of the six
6
individual CMGs (T T 5. T be d ined by (1)
individua S(CMGZ e)” o can be etermined by
i=1 .
computing the torque a CMG exerts on its base ch and (2) trans-
th

forming ¥cb from the 1 CMG base mounting orientation into ve-

hicle space

> - 1
Tci=[°]v*bich (1)

[olv*bi is the transformation from the iCh CMG base coordinate
frame to vehicle space.
Figure 9.2 is a sketch of a CMG assembly showing the CMG

wheel, inner gimbal, outer gimbal, and base. Three coordinate
systems are defined: (1) an inner gimbal space XIYIZI, (2)

an outer gimbal space XOYOZO, and (3) a CMG base space bebe'
When the XIYIZI and xoYozo frames are aligned, the inner gimbal
angle 61 is defined to be zero; and when the XOYOZ° and XbeZb
frames coincide, the outer gimbal angle 63 is defined to be zero.
The transformation from base space XbeZb to outer gimbal space

¥ Y Z equals
oo0o

.
i
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where

cos 6] sin 63 0

lolo*b- l-sin 63 cos 63 0 (3)

0 0 1

The transforzation from outer gimbal space to inner gimbal space
X Y Z_ equals

I 11
xI xo
Y. '[°]I,u Y (4)
Z Z
L ld L ©J
where
1 0 0
(¢l = 0 cos 6, sin§, (S)

J] -sin 61 cos GIJ
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The torque exerted on the inner gimbal equals

>+ > >
. H-waH+(H)r (6)

(ﬁ)r is the rate of change of H with respect to the inner gimbal

and w_ is the angular rate of change of the inner gimbal space

I
XIYIZI. The CMGs are assumed to have a constant wheel speed,
(IZ)r ls therefore zero, and
S
Hew, xH (7)
From figure 9.2,
0
-+
H= | H (8)
0

where the scaler H is the magnitude of the wheel mowentum. Sub-
stituting equation 8 iato 7,

i k 1

b
'.’ W w W
He | “1x “1v “12 (9)
0O H 0

- -Huxzi+Hwak

Wiy Wiy and wlz are the axial components of the inner gimbal

rate GI' ;, can be written as a function of the inner gimbal
4
.

rate 61. the outer gimbal rate 53. and the rotational rate of the
CMG hase ;b' First using figure 9.2, let us write ;I in terns

of 51 and ;o' the outer gimbal rate.

@ J +(°]I*owo (10)
0
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»

wocan be written In terms of &, and o

0 3

w=101]+[¢]

b’

3

(] o+b'b

Substituting expression 11 into 10

& o
61 0

€+
"

o |+(el, |o

0 3
L . ».3..4

- >
Assume that Jb its small, w_ equals

I
- . v -
61 1 0

-
The components of w, are

+(?]

0

w, =10 |+1]0 cos 61 sin 61

0 | |0 -sin 61 cos 61

wIY-éj sin 61

wIZ-&J cos 61

Substituting equation 14 into 9,

-5 3 ces

T4 e
L]
x
(]

%

I+0[¢]

-

o-b"

v

(11)

(12)

(13)

(14)

(15)



Note that it is the reaction torque that the inner gimbal applies

to the outer gimbal equals - that gets transferred to the CMG

-’
base. ch equals

L
~

> -1, .-1
ch.[°]o+b[¢11*o('ﬂ) (16)

-1 -1
where [°]o+b and [011*0 are the inverses of [¢]o*b and [°]I+o’

respectively.

[ cos 63 ~-sin 63 0]

[¢];ib- sin 63 cos 63 0 (172)
Lo 0 1]
[ 1 0 o ]

[@];10- 0 cos 61 -sin 61 (18)
| 0 sin 61 cos GIJ

Substituting [O]-ib, [0];io, and equation 15 into 16,

F.

-
63(1) .os 61(1) cos 63(1)-s1(1) sin 61(1) sin 63(1)

=y

=H 53(1) cos & sin §. s (19)

1(1) 3(l)+

cb 1(1) 310 Op(yy cos 854y

g S1¢1) % 81¢y) ]

For CMGC No. 1 and 2 along the xv axis,

0 1 o0

(%) =/1 0 0O (20)

veb1™ (%) ey
C 0 -1
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Substituting expressions 19 and 20 into 1,

- ‘ 3 A
53(1) cos 61(1) sin 63(1)+51(1) sin 61(1) cos 53(1)

*

el 63(1) cos él(l) cos 63(1)—61(1) sin 61(1) sin 63(1) (21)

cos &

8 ‘1 (1)

-l

63(2) cos 61(2) sin 63(2)+61(2) sin 61(2) cos 63(2)

cos § cos § $ sin & sin

2 1852 1(2) 22 1(2) 1(2) (22)

63(2)

[ ]
cos 6

] *1(2) 1(2)

-

The transformation [&¢] corresponding to the other four CMGs are:

vbi
[0 0 -1

€] 01 o0 (23)

(9] L p3™1®) ™

{¢] 0 0 -1 (24)

01 0]
The corresponding individual CMG output torques ¥c1 (i=3,4°+,6)
equal

(0] 5= (®) 6™

r 51(3) cos 61(3) '

-y
[]
-

cos § sin

c3 63(3) 1(1) (25)

63(3)+51(3) sin 61(3) cos 63(3)

3(3)—61(3) sin & sin §

1(3) 3(1)

cos & cos §

$303) 1(3)
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i 81(4) cos &) (4 ]
Ty 8304y 08 8 (4 510 834y*8 () 510 81y 08 Sy4] 26
330 ©0% 8104y ©0® S50y 1q0) 210 S1qa) B Sy
'83(5) cos 8, o cos 8y o -8, o wtn & o sin 63(5;
'f'c5=u 81(5) cos 8, o (27)
L83(5) cos §) ) sin 83 o+ () sin§ o) cos 63(5{
3,6, co8 516y <% S3¢6)81¢6) 17 S1¢6) *10 S3¢6)
T goH $106) % S1¢6) (28)
-53(6) cos 8, ¢y sin 8y #8  sin 6, () cos 63(6)J
The resultant output torque i:cuc can be written as
- L
Tcuczfchi
-H([A]éi1)+[8]§§1)+[C]§§2)+[D]§§2)} (29)
where
’51(1J
éil)- 81 (30)
hSI(S)-
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63(1)
SOMF
3 3(3) (31)
563(5)
- -1
61(2)
+(2)_| :
g1 1 %14 (32)
$
L 1(6)_
R .
63(2)
H2) | & .
53 -1 854 (33)
L %3(6).
S 61(1) cos 63(1) cos 61(3) -sin 61(5) sin 63(5;
[A)= | -sin '51(1) sin 63(1) sin 61(3) cos 63(3) cos 61(5) (34)
cos 61(1) -sin 61(3) sin 63(3) sin 61(5) cos 63(5)
- 6 -
cos 1(1) sin 63(1) cos 61(5) cos 63(5)
[B]= cos 61(1) cos 6](1) cos 61(}) sin 63(1) 0 (35)
] 0 cos 61(]) cos 63(3) cos 61(5) sin 63(5)4
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[ sin 61(2) cos 6](2) Ccos 61(4) -gin 61(6) sin 63(6)
[C]=| -sin 61(2) sin 63(2) sin 61(&) cos 63(4) cos 61(6) (36)
cus 61(2) -sin 61(4) sin 63(4) sin 61(6) cos 63(6)
- -
cos 61(2) sin 63(2) 0 cos 61(6) cos 63(6)
[D]= cos 61(2) cos 63(2) cos 61(4) sin 63(4) 0 (37)
i 0 cos 61(4) cos 63(4) cos 61(6) sin 63(6)

Equation 29 describes the CMG system output torque ¥CMC for a six
-

CMG system for an inertially Eeld vehicle (mb=0). For a rotating

vehicle, this expression for TCMC is not adequate; the rotational

motion cf the vehicle must be taken into account. The general

expression for equals

T
CMG

> (1), a7 (1) g2 (2) L ey (2) 1> >
TCMG-H{[A]K1 +[B]33 +[C]E§1 +[D]33 o (38)

CMG

-

where ; and HCMG are the vehicle angular velocity and total CMG
momentum imparted to the vehicle, respectively. For the six CMG

configuration shown in figure 9.1, ﬁ equals

CMG
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[-cos & cos & ] -cos O
1(1) 3(1) °% Y1)
, H. =H ‘ \ ;
: MG cos él(l) sin 63(1) +H cos 61(2)
% sin & sin 6
% i 1(1) i i
K
i sin 61(3) 7 I~ sin §
+H | - I -
cos 1(3) cos 63(3) +H | -cos 61(4)
S 3 n
I cos 1(3) sin 03(3)~ cos 51(4)
[ . . & . ¥ 7 .
cos 1(5) sin 33(5) [ cos 6[(6)
+H sin 61(5) +H sin S
~cos 9 cos § -cos §
i 1(5) 3(5)J ! 1(6)
For the slaved CMG mode, let
ré T » n r. T
8
1x 1(1) 61(2)
3% E S I SCOT IF S O [ DN
17 1y 8 S103y | =81 %104
é e .
| ®1e ] L %105). | ®16)]
[ T [ 9 - 7
3
Ix g?gl) %7(2)
3 I I 26O G|
3| O3y =93 S [ =857 A
8 8 §
| %3] | %3¢5)] [ %3¢6)]

The general expression of ¥CMG for the slaved CMG mode equals

cos &

sin 6

1(2)

1¢4)

cos §

sin §

sin §

1(6)

cos §

-

3(2)

3(2)

3(4)

3(4)~

-
3(6)

3(6)J

(39)

(40)

(41)
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T =28 {[A ]§1+[n ' ]f§3}+$xﬁcm (42)
wvhere [A'], [B'], and ﬁCMG are
Psindlxcosd3x °°951y —sintﬂlzsiné}z.1
[A']= —sin61x31n63x sindlyc0963y cosGlz 43)
L c096lx -sindlysin63y 81n512C0853zJ
.cosélxsin53x 0 cosdlzcosé32 ]
[(B'])= cosélxcosé3x cosdlysind3y 0 (44)
| 0 cosélycosd3y cosélzsin632 ]

[cosd cos$ ] r 8ind T
1x 3x 1y

2 4
=]

cosélxsiné +H —cosdlycosd3y

MG 3x

i sinélx 1 ] cosdlysin63yJ

[ T
cosdlzsin63z

+H siné (45)
1z

--cosﬁlzcosGBZd

9.3 MG Control Laws and Singularity Avoidance - The attitude
of a (MG stabilized spacecraft is controlled by commanding an

appropriate set of gimbal rates 51(1) and 53(1) that results in a

-
control torque T that equals or approximates the command torque

- CMG
TCOH' The ability of a CMG system to generate ? is a function

COM
of the MG gimbal angles 61(1) and 53(1). Note from equation 7,

;-»-»
H-waH ¢))
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the torque that an individual CMG can generate fis constrained to

lie in the plane perpendicular to its wheel momentum ﬁ. This
plane is referred to as the CMG's torque plane. If all of the
individual CMG torque planes coincide, the only CMG control torgque
>

TCMG that can be generated lies in this single common plane. The
CMG system is incapable of three axis control and is said to be
singular,

Figure 9.3 illustrates the two types of singularity that a
double gimbal CMG system can exhibit. Figure 9.3.a shows all of

the momentum vectors ﬁi pointed in the same direction. This

singularity condition corresponds to saturation and the CMG sys-
tem must be desaturated In order to re-establish three axis control.
In figure 9.3.h, the momentum vectors are all aligned, but with

scme of the momentum vectors ﬁi pointed in opposite directions,.

This singularity condition is referred to as the anti-parallel
condition that must be avoided in order to insure three axis con-
trol. With three or more DGCMGs, this anti-parallel condition can
always be avoided without degrading system performance by com-

manding appropriate CMG gimbal rates él(i) and 53(1). For three

or more DGCMGs, the number of degrees-of-freedom, the number of
independent CMG gimbals, exceeds the three degrees-of-freedom

needed to generate TCOM' The remaining degrees-of-freedom can be

used to redistribute the CMG gimbal angles in such a manner as to
avoid the various anti-parallel conditions. This redistribution
can be performed without exerting any additional net torque on
the vehicle. The form of the resultant CMG gimbal rate commands
are in general:

? 2 (CL) 2 (SA)

A =l‘\

L L) A’ 11) (46)

s _e(CL) 2+ (SA)

307031 Rsa301) (47)
ngig and ég%ﬁg are the inner and outer CMG gimbal rate commands

that are generated by the CTMG control law logic. 3;%?; and ég??;

are the gimbal rate commands that are used by the singularity
avoidance scheme to redistribute the CMG gimbals. The resultant

A
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(a) Saturation

1
.

Hy =

.

Hl. —

»
————— H

6

(b) Anti-Parallel Singularity

Figure 9.3. Singularity Conditions for a Double Gimbal
CMG System
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torque generated by the gimbal rate commands éf??; and ég??;

zero thercfore, in general any singularity avoldance scheme can
be used with any CMG control law. The gain K 18 slzed so that

is

SA
the combined CMG gimbal rate commands 61(1) and 63(1) will not ex-
. 2 (SA) (sA)
d th S .
cee e CMG gimbal rate limits due to 61(1) and 53(1)

9.4 CMG Control Laws - In this report, the following four CMG
control laws are derived:

a. Cross Product CMG Control Law

b. H-Vector CMG Control Law

c¢. Decoupled Scissored Pair CMG Control Law

d. Decoupled Pseudo-Inverse CMG Control Law
Each of the above control laws are derived for both proposed CMG
operational modes: (1) when the CMGs are operated in slaved pairs
and (2) when the CMGs are operated as six individual actuators.

9.4.1 Cross Product CMG Control Law - The Cross Product CMG

Control Law is an open-loop, noaideal control law., This control

law is developed for an inertially held vehicle and is then modi-
fied to handle the case of a rotating vehicle. This control law

is nonideal because the resultant control torque ¥CMG in general

does not equal the torque command ¥COM' As 1llustrated in figure
>

9.4, TCMG

consists of twc components: (1) %cp’ an undesirable
component perpendicular to T

COM and (2) ¥éMG’ a component along
the desired torque TCOM' Figure 9.5 is a block diagram of the
corresponding vehicle control loop. Note that because the CMC
control law is open-loop, the unwanted torque fcp gets applied
directly to the vehicle as a disturbance torque and thus degrades
system performance. Ecp is driven towards zero by the action of
the control loop being closed through the vehicle dynamics. The
torque component féMG acting along T

- COM
TCOM’ its magnitude 13 a function of the CMG gimbal angles. The

does not in general equal
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COM

Figure 9.4. Relationship Retween Cross Product

s
CMG Control Torque chn and TCOM
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open-loop CMG control law gain e

T
CoM
angles and therefore, the bandwidth of the vehicle control loop is
also a function of the CMG gimbal angles. The chief advantage of
this CMG control law is that it can be implemented in an analog
manner, thus not requiring a digital computer,

1s a function of the CMG gimbal

»
A DGCMC with a constant wheel spced ((“)r-O) can generate
R4
a torque only in the plane perpendicular to its wheel momentum H.

The Cross Product CMG Control Law commands each individual CMG

>
to generate a control torque T that is proportional to the

ci -
component of the command torque ¥COM perpendicular to H., The re-
-

sultant CMG control torque T equals the summation of the

CMG
n

=7 ¥ i). To understand the

i *'cMe =1 € %
operation of the Cross Product CMG Control Law, the CMG gimbal '

rate commands é{?t; and 5;??3 are compu’ 2d for the 1th CMG and

individual CMG torque ¥c (T

the results are applied to the specific CMG configuration shown
in figure 9.1,

Fog the ilh CMG, the torque that {8 exerted on the inner

>
gimbal HIi ¢quals

B 48
i1 (48)
where Gli is the rotational rate of the 1th CMG inner gimbal.

To minimize the magnitude of »

_’
@ is constrained to lie in

1 Ii
the plape perpendicular to H and therefore_aIi is also perpendicu-
lar to ﬁli as illustrated in figure 9.6. ﬁli as a function of the

can be written as

>
torque command TC

oM
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v

PLANE PERPENDICULAR
0 H

Yl =7 - -4

g &

Ii

L d
>

Figure 9.6. Relative Orientations of JIi’ ”Ti’ and R
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* ~

-> ~ -
= i 49
HIi (inKiTCOMl)XJ.H (49)

~

-
iH is a unig vector along the CMG wheel momentum H in inner gimbal

th
space (1H=lg|), Ki is a control law gain associated with the i1
H

> > th
CMG, and TCOMi ?quals —TCOM transformed 1nt9*the i CMG inner
gimbal space. TCOMI equals the negative of rCOM traus{ormed into

e
inner gimbal space because it is the reaction torque -HIi that gets
-+
transferred to the vehicle. TCOMi equals
-> -1 >
= - 50
TCOMi [¢]I+o[¢]o+b[¢]v+biTC0M (50)

At this pcint, the Cross Product CMG Control Law can be corrected

for any rotational motion of the vehicle by replacing ? in

{ 0 h - i > coM
\ -
equation 50 wit TCOM_uXHCMG' HCMG is the total CMG system mo

mentum imparted to the vehicle. Correcting for the rotational
-
motion of the vehicle, TCOMi equals

~1 > >

Teomy ™[00 o (01 1010, (T o Xty (51)

From figure 9.6, the magnitude of 511 equals

,ﬁ
|y
g, = (52)
Ii -
|4}
->
wpy can be written as the following vector cross product

.
->

~ H .
- > 11 l > >
Wry ,wIil(in )= :TE(HXHIi) (53)
Ao | IH
Ii
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Substituting equation 49 into 33, ®

i becomes

S = = ([ (1xk T i
2 T T

L Wkt
|2 i comi (54)

. 1
Since ' s (0,1,0), 511 equals

K

> i ~ ~
w, .= — (T -
SR (Teomiz~Teomixk (33)
-+
where TCOMix and TCOMiz are the X and Z components of TCOMi’ re-
spectively. Using equation 14, the corresponding inner and outer
2 (CL) +(CL) +> ..
gimbal rate commands 61(1) and 53(1) needed to generate wIi are:
K
2 (CL) i 56
S1eH)™1ix" i Tcomtz (56)
w K )
pen, “iz 1 i) o (57)
3(1) cosﬁl(i) H COMix

->
Wi and wryg 8T the X and Z components of Wy regpectively.

The gimbal rate commands gf%ig and ggﬁi; can be computed for both

CMG cnerational modes, the slaved mode and the six individual CMG
modes, by solving equations 51, 56, and 57.
Slaved CMG Mode - Substitute the fcllowing slaved CMG gimbal

angles 31 and 33 for the individual CMG gimbal angles

61(1) and
5., ..
3(1) - .
Fo ] k161 (y**2%1(2)
1x k1+k2
K6, k.6
tols || S i@ (58)
1 ly k. +k
3+,
s ksS1 5651 ¢6)
12 k5+k6
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e Fk163£1)+k263(2)
3x kl+k2
5
ol I I R TR (59)
3 3y k3+k4
5 ks83(5)**683 (6)
i 321 i k5+k6 J

The gains k1 (i=1,...,6) describe the status of the CMG system,

ki-l (60)
th
when the 1 CMG 1is ¢ i2rational and

ki-O (61)

when the ith CMG is inoperative. The gains ki should not be con-
fused with the control law gains Ki' By initially neglecting the
CMG control law gains K,, equations 51, 56, and 37 can Re solved

for an intermediate set of gimbal rate commands 3{ and g;.

g ]
slx
1| 21 1,447 2 >
31' sly = wlAT) Uy~ w x Hpy o) (62)
1
bslz
" 1
53x
a8 [« Lis?ae T @ - 2L 2 (63)
3 3y H coM @ x Hon)
o1
§
L 3z |
where
2 9
sec 61x 0 0
[52]- 0 aec26 0 (64)
ly
0 0 sec26l
4
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[A']} and [B'] were previously defined in equations 43 and 44 re-

spectively. " is defined in equation 45, The resultant CMG

CMG
5 (CL) and 5‘CL)

gimbal rate commands 61(1) 3(1) equal

[5(cL)]
11)

2(CL) | Loy (D), 2T
S| "I (65)

5(CL)
L l(S)J

s (1) (CL)

g

[z (cL)]

3(1)
s (1) (cL)

(5 ) s

£ (CL)
°365)

F.(CL)
3]

1 o) = (67)

: (CL)
°1(6))|

s (2) (CL)

g

[z (cL)]

2(2)
*(2) (cL)

8, - égfﬁg -[x‘2)13§ (68)

3 (CL)
L 306

where

E®e 0 kx 0 (69)

[k(Z)]' 0 k, K 0 (70)
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Six Individual CMC Mode - Solving equations 51, 56, and 57,

the resultant CMG gimbal rate commands 3;1)(CL), 3;1)(CL), 3{2)(CL)

and ggZ)(CL) for this operational mode are:

éil) ). ili[x(l)] [A]Tﬁcon';"ﬁcuc) 71

grgl) (cL)_ %IK(D][52(1)][B]T(¥COM-$X§CMG) 72)

'3’1(2)‘0“- %{x(z)}[c]T('fCOM-JxﬁCMG) (73)

é;“ O Ly @522, 01" (F oty ) (74)

where

i sec261(1) 0 o |

[s2) . 0 sec261(3) 0 (75)
0 0 sec261(5)J
-seczﬁl(z) 0 o |

[32(2)]= ] seczdl(a) 0 (76)
o 0 seczsmh

{A], [B], [C]. and [D] are defined in equations 34, 35, 36, and 37,

respectively. ﬁCMG for this individual CMG mode is defined in equa-
tion 39.




Control Law Gain K, selection - The contro! luw gatns K, are

1 1

determined on the basis of system stability and response character-
istics. One method of selecting these gains K1 is to choose them

1(1)° 3(1)

so that for the zero CMG gimbal condition (& 0), the resul-

-
tant CMG control torque T

CMG equals the command torque*?cou. For
the zero gimbal condition, the individual CMG torques '1‘ci are:
T_ =K (T T K
Te17%1 Toomyd *Tcomz (77
> ~ A
= (78)
T 27K (T oomy I+ T oz
- ”~ ~
= 79
Tc3 KB(TCOMxi+TCOMzk) (79)
T o=k (T 1 " (80)
rcé Ké(lcOMx£+TCOMzk)
>
" = 8
T g KS(TCOMxi+TCOMyj) (81)
_’ ~ ~
T 6786 Toomx*Teomyd) (82)
> >
Note that T . is proportional to the portion of T that is
ci th CoM
perpendicular to its corresponding i  wheel momentum H.
The resultant CMG control torque ¥CMC equals:
¥ 6 ~
oo™ iE1 oy "GRG DT o
+(K +K +K +K6)T(,0M j+(K +K +K3+K nconzk (83)
By selecting
K,=0.25 (84)
-+
The control tgrque TCMG equals TCOM'» Depending+on the orientation
of the CMGs, TCMG the iomponent of Lo along TCOM can exceed the
desired torque command TCOM' When the individual CMG momentum vec-
-> -r '
tors Hi are perpendicular to the desired torque TCOM’ CHMG is a

maximum and equals 1.5 TCOM

. For this orientation, Tcp is zero.
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Another method of selecting the control law gains l(1 is to

note that fci’ the torque produced by the ith CMG, cquals

T o=kt F . )
c1™ 1" "coM TcoM " tu1 (85)
where iHi is a unit vector in vehicle space along the ith CMG
.’
wheel momentum Hi' ;
A i
wi™w (86)
The total CMG control torque ?CMG equals
6 ~
T, =K@ & . ) (87)
CMG i=1 1" COM "COM "Hi

By selecting
Ki=0'167 (88)

> +
TCMG equals TCOM plus an undesired torque

6 ~
>

“181% Toom " thy (89)

It should be noted that the above undesired torque component does
not correspond to the previously unwanted torque %cp' This un-~
desired torque given in equation 89 in general will have a component
Only when the indi-

M will

that is in the opposite direction of ¥COM'

-
vidual CMG momentum vectors ﬁi are all perpendicular to TCO
3 '

-+ -
TCMG and TCMC equal TCO

M
9.4.2 H-Vector CMG Control Law - The H-vector CMG Control

Law is a modification of the previously defined Cross Product CMG

Control Law. Figure 9.7 1s a block diagram of the corresponding

H-vector vehicle control loop. A feedback path is added from

the output of the CMG cluster to the input of the Cross Product

Control Law. This feedback path compares the momentum state of

-»> -»
the CMGs with a desired momentum state HCOM' HCOM is computed
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by integrating with respect to time the torque command ¥COH gene-
rated by the vehicle control law. A signal Aﬁ proportional to

> >
the difference between HCOM and HCMG 13 fed to the Cross Product
Control Law as a torque command. The waCMG term shown in figure

9.7 is used to compensate for any rotational motion of the vehicle.
The advantage of instrumenting the Cross Product Control Law in
this manner is that by selecting an appropriate value for the gain
KH shown In figure 9.7 the response of the inner loop can be made

to be much faster than that of the outer vehicle control loop. This
faster inner loop tends to compensate for the undesirable cross product

torque ¥cp before it can adversely affect the outer vehicle loop thus,

improving vehicle performance. The H-Vector CMG Control Law like the

Cross Product CMG Control Law can also be instrumented in an analog
fashion.

_)
The CMG momentum HCMG is the angular momentum that the CMG

system transfers to the vehicle. ﬁCMG is computed using the out-
puts of the CMG gimbal resolver trains, ECMG equals
bk to] L fe17L fern (i
Mo =1k (9] 1 191 10T (90)

where k1 are the operational status gains defined in equation 60
and €1. For the slaved CMG mode,

-cos 61x cos 63x r sin ély

->

HCMG-ka cos dlx sin 63x +k H | -cos dly cos 63y

sin dlx

e -t -

cos dly sin 63y. ?

-
cos 612 sin 632
+k H sin élz (91)

-cos 61: cos 632

o




where

kx=k1+k2

= {
ky k3+k4 (92)

kz=k5+k6

For the six individual CMG mode,

tcosﬁl(l)c0563(l)q r—cosél(z)cosﬁ3(2)w
ﬁCMG-le cosdl(l)ainéa(l) +k2H cos$1(2)81n63(2)
- 51n51(1) | i sindl(z) -
( sin61(3) ) [ Sinél(A) 1
+k3H —c0361(3)c0353(3) +kAH —cosél(d)cosd3(4)
c0551(3)91n63(3l i c°561(4)81n63(4)J
[ costy (551083 5| [ <038, (610535 |
+k5H sindl(s) +k6H sin61(6) (93)
ch0961(6)c0963(5)‘ L-C0861(6)c°863(6)“

The addition of this H-vector path around the Cross Product
CMG Control Law can result in a low gain system instability. For
the following analysis assume that the vehicle is being held in

-
an inertial attitude; the ;xH term is zero. Figure 9.8 contains

MG
the transfer function block diagrams of the vehicle control loops
with and without this feedback path. The gain K r~presents

Cc

the Cross Product CMG Control*L&W; this gain K varies as a

function or the direction of TCOM relative to the orientations

of the individual CMG wheel momentum vectors ﬁi' For the H--vector

CMG control loop, the gain KH is included in K.
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For the Cross Product CMG control loop, figure 9.8.a, the trans-

>
fer function TCMG equals
T
D
e T TR (94)
z , KK K K
D s + —%_5 s+ —%—E

The system's characteristic equation is

, KK K K
s =% s+ P =0 (95)

Using Routh's stability criteria, the range of Kc for which

the system is stable can be computed; the corresponding Routh
array is

32 1 KCKr
I
K K
1l cp
S
I
s0 KcKr
I

Routh's criterion states: The number of roots of the character-
istic equation with positive real parts is equal to the number
of changes of sign of the coefficien:is in the first column.l

If there are no sign changes in the first column, there are no
characteristic roots with positive real parts and the system is
stable. MNoting that the vehicle control law pains Ker and the

vehicle inertia I a.e positive quantities, the cross product CMG con-
trol system is stable as long as the control law gain Kc is also posi-

tive; all of the coefficients in the first column are positive. Be-
cause it is physically impossible for Kc to go negative, the system

will not go unstable due to a charpe in Kc'

1D'Azzo and Y“oupis, Feedback Control System Analysis and Synthesis,

second edition, McGraw-Hill, 1966, p. 123,
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For ghe li-vector CMG control loop, figure 9.8.b, the transfer

T
function EM equals
TD

- KcKt K

T +
6 T ¢ KE) (96)
% 3 K K K K

D s +K s + cr s+ cp
[ 1 1

The system's characteristic equation is

K K K K

3 2 cr cp
3+Kcs+ 1 g4 I 0 (97)

The corresponding Routh array is

s3 1 KcKr
I
D lx, K
¢ £p
1
K K -K
cr

@Ds" |12

@30 <p

From the Routh stabllity condlitions (:) and (:) s the control law
galn KC must be greater than zero (Kc>0)' From stability condition

@ .

or




K
From section 7, the ratio ER equals 0.121 which means that
r

in order for the H-vector CMG control loop to be stable KC must
exceed 0.121, Normally, this gain KC will be considerably larger

than the above limit. K _ will only approach this value when the
CMGs approach saturationor approach the undesired anti-parallel
condition. Since both of these conditions must be avoided for
all double gimbal CMG systems, this low gain instab:lity of the
H-vector CMG control loop is not a very important trade consider-
ation.

9.4.3 Decoupled Scissored Pair CMG Control Law - The Decoupled
Scissored Pair CMG Control Law is a digital law requiring a digi-
tal computer. This control law is decoupled meaning that the re-

-
CMG equals the torque command TCOM as-

suming that the actual CMG gimbal rates equal the gimbal rate com-

5>
sultant CMG control torque T

mands 31(1) and 53(13‘ Figure 9.9 is the corresponding vehicle control loop

block diagram showing the required analog to digital (A/D) and
digital to analog (D/A) digital computer interfaces.

The Decoupled Scissored Pair CMG Control Law groups the CMGs
into pairs; each CMG is paired with the remaining CMGs. For
example, a three CMG system (e.g., the slaved CMG operational mode)
has three (MG pairs and a six CMG system (e.g., the individual
CMG operational mode) has fifteen CMG pair combinations. The
control law commands each CMG pair to generate a portion of the

->
torque command T based on the pair's remaining momentum storage
COM
capability.

To understand how the Decoupled Scissored Pair CMG Comtrol
Law operates assume that CMG 1 and 2 form a CMG pair. Figure 9.10
-’
is a sketch of the CMG reaction momentum (—ﬁ) vectors Hl and ﬁz
in vehicle space corresponding to CMG 1 and 2, respectively.

> >
le is the vector sum of H, and ﬁ A torque % perpendicular

2° 12r

to §12 can be produced by rotating the vector sum le at an angular
»>

rate w .
12r
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Mote: A counterclockwise rotation E

is assumed to be positive.

Figure 9.10. CMG Scissored Pair 1, 2
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-»> -»> ﬁ
T12r™0 204 (99)
r..  and Jer are orthogonal usnd lie in a plane perpendicular to

» 4
nlz. 112r 25 a function of the torque command lCOM equals

H H

> 12 > 12

T2 i | azconl* IFl (100
Hi2 [,

-
K12 is a fractional gain (K12<1) indicating the portion of TCOM

that the CMG pair is to generate. !(]2 1s based on the remaining

>
momentum storage capability of the CMG pair along EIZ' wer equals

x KIZTCOM (101)

v

The remaining componeit of K 2 Tcom along ﬁlZ 1s generated by the
scissoring aciion of Hl and HZ' By closing the scissored paii, the
magnitude of le increases Producing a torque direited along le.
By spreading the scissored pair, the magnitude of le decreases

12° The

resultant torque generated by the scissoring action is denoted by
>

-
TlZs' Using figure 9.10, the magnitude of le is

Creating a torque directed in the opposite direction of H

-»> -+ -+
,H12'-|Hl| cos al+|H2| cos a, (102)

The angles al and a2 are defined in figure 9.10. The sum of the

- -» »
projection of H1 and H2 perpendicular to H is zero.

12

lﬁl' sin a1+|ﬁzi sin a,=0 (103)
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Differentiating equations 101 and 102 with respect to time,

» [ -p L .'
-lii | |o) sin ay= i, |a, sin u2=|u12|-|f128| (104)

|ﬁl|&l cos q1+|ﬁ2|&2 cos a,=0 (105)

Solving equations 104 and 105 for &l and &2,
. > -
als(IHZIIlesl cos az)/A (106)

. > >
a2=(|Hl||les| cos a,) /A (107)

where

a=|ti | |H,| 5 )
= Hl 9 (cos al sin az -gin al cos a2

-+ > >
-|u1||ﬁ2| sin (oy-a ) =|H,xH, | (108)

The rotational rate Jiiz) and Jgiz) assocliated with &1 and
&2 that result in the desired scissoring action equal

M.xh)  H oT

>(12) 1% 0

wis )=al i -+ »12 ;C M| (109)
Bty | 0 Teoy
H.oal) H, T

(12) 12 12" CoM

NZS ‘0'2 > > -» > (110)

|u, xH H, T
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(H i)
The cross product term > 5 — defines the rotational
IHle2|
axis of 5}%2) and 6;{2) perpendicylar to the plane containing both
. - ) 12" Teom
lIl and "2' The dot product term =5 Indicates whether the
LIPS
desired scissor torque %12 is directed along ﬁ12 or in the opposite
di N hat [H ,oF | 1
rection. ote that | 12" Tcoy! edquals
6,1 1E,,, |
l* o ]-..12 12s (111)
12 "coM K12
The trigometric functions cos al and cos az in terms of ﬁl’ EZ’ and
i 1
le equa
o H |ﬁ1|2+ﬁ1'§2
cos a, = T - (112)
ERIE T
) IRETR]
cos a, = —2.12 2 1 2 (113)
AT AT AT
21112 2'1712
Appropriately combining equation 106 thru 113, Zfiz) and Zgiz)
equal
> 2 > +> > +> -
212y Kag |7 H)) o) T (114)
1s . 2 + 2
LIPS

TR TR e T S e T T BT T AR TR AT T TR -«w‘T T
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K, ([H | 2+0, 1) (il xil ) (o F
zaz _ - 1o C(IH) [+ ) () xH, )

- 12 "COM (115)
12 12
T 1
12 €duals
f = @2 e @l (116)
128 1s
4 R
{hc desired control torque K12[COM equals the sum oOf 112r and
1125'
KT =t _ +F
12°COM 12r '12s

> +(12) +(12), = 117

(W) 5 *w, yxH +(w r+w25 )xH, (117)
To compute the CMG gimbal tate commands O §

1) $3) Sy @
12 COM’ the negative of the following CMG

rates are transformed from vehicle space to the appropriate CMG
gimbal space; the negative sign is needed because it is the re-

3(2) needed to generate K

-
action torque -H that is transferred to the vehicle.

. »Q2) _~ +(12) > (118)
MG 1: wl w12r+wls -Ww

. an a2 2 1
CMG 2: W, Wy gty T (119)

The vehicle angular rate w 1s subtracted from the above rates be-
~(12) (12)

cause w12 » Wy 1s ° and w are computed with respect to an inertial
> >
space, Subtracting w from f 2) and wélz) is equivalent to sub-

tracting waCM from the torque command TCOM' The inner gimbal

rotati 1 t :
onal rates wIl and & 12 needed to generate Kl2¥CDM are:

> -1 +(12)
6 =10y e Py Toen 1O ot (120)

(1)
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;
> -1 »(12) ,
012”12y 1o l® 2y Joen O (2) Lue 2 (121) E
1
Using equation 14, the gimbal rate commands 5§?&;, ég%%;, 5
(cL) . :(cL)
&1(2) and 63(2) are )
2 (CL) &
1) 11x (122) 1
pen, _‘uz (123)
3(1) cos 61(1)
‘(CL)' . 2
®1(2)™12x (124)
(cLy . “r12z
53(2)— cos & (25)
1(2) A
Wrix and wIlZ and Wyox and wy,, are the X and Z components of ;
-> -»> 3
w5y and wIZ' respectively.

Using the above derivation of the Decoupled Scissored Palir CMG

(cL) 2 (CL)
él(i) and 63(1) for

both operational modes are formulated in the following paragraphs.

Control Law, the CMG gimbal rate commands

Slaved CMG Mode - For this mode of operation, there are
effectively only three CMGs. The two CMGs mounted along each vehicle
axis can be represented by a sirgle CMG with a momentum equal to the
sum of the two individual CMG momentuvms. The effective CMG momentums

->
ﬁx’ Hy’ and ﬁz corresponding to the three vehicle axes are:

-1 >

> -1
Hx-(kl+k2)(°(x)]v+b[¢(x)] o+b[°(x)] T+ ) (126)

> -1 -1 >
Hy (k3+k4)[¢(y)]v*b(°(y)] o*b[¢(y)] I+o(-H) 27

» _1 ..l »>
"z'(ka’“o)'°(z)]v<h‘¢(z)' 0,bw(z)l x«o(‘") (128)
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The transportations [¢]

(¢]

, and [¢]I*o are defined using

veb? o+b

the appropriate CMG gimbal angles Glx' 63x' Gly' °3y’ 612. and 632.

The gains ki describe the operational status of the six individual
CMGs as defined in equations 60 and 61.

For the slaved (MG mode, three CMG scissored pairs exist:
(X,Y), (Y,z), and (Z,X). The following scissored pair parameters
are defined to simplify the computational requirements of the re-

3L gng BEC1)

sultant CMC gimbal commands 1(1) 3(1) "

Scissored Pair Sum:

H =8+ (129)
> = <
H =H +H
ZX 2 X

Scissored Pair Dot Products:

dey Xy

==l 4

]
14

Hydz y 2

-1

]
Ty

(130)

Ty
Ty

szxs z. X

Scissored Pair Cross Products:
-+ > >
=H xH
xXcy xy

> >

i =0 xH (131)
ycz y z

-+ +> >
=

H xH
ZcxX z X
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The portion of the torque command ¥COM that each CMG pair is

to generate is determined by the scissored pair control law gains

K , K ,and K_ . These gains are based on each pair's remaining
xy’' yz zx

momentum capability along its momentum sum. To illustrate, figure
-+ -> -
9.11 is a sketch of the XY CMG pair momentum vectors Hx' Hy, and ny.

-*> >

Note that the cross product Hxxﬂy is proportional to the area of the
- -»> -»>

parallelogram formed by Hx, Hy’ and ny. This cross product ﬁxxﬁy is

used as a measure of the pair's remaining momentum capability along

-

ny. The gain ny is chosen to equal

.5 (132)

i 1°
K = —
_’
xy Z|H|2
c

where
R [ ke (133)
c xcy ycz zcx
The control law gains K __ and K similarly equal
yz zx
1E1£E£i (134)
yz El‘ﬁclz
|§ZCX‘2 (135)
zx zi* |2

The sum of K _, K , and K equals unity (K +K +K__=1).
xy’ yz zx Xy yz 2zXx

-
The control torque TCMC is generated by applying a rotational
-» >
rate © to each of the individual C¥G momentum pairs (ﬁ , H_ , H x)
r - xy' yz 2
and a scissoring rate W, to each of the individual CMG momentum

> »> > > -+
vectors (Hx’ Hy' Hz). These rates W/ and w. for each CMG pair

are computed using equations 101, 114, and 115.
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Figure 9.11. Sketch of H , H , and R
x’ 'y Xy
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XY CMG Scissored Pair:

-> - ->
wxyr _ﬂ_Iﬁ | x nyTCOM (136)
Xy

-»>

K (i (%0 o0 @ T, )
J(XY) o Xy ' y' ' xdy’ xcy xy ~COM (137)
X8 > 2> 2
TN
y xcy
> 2 » » >
o
S0 ny(luxl +uxdy)uxcy(uxy con’ 138)
ye B 126 12
xy xcy

YZ CMG Scissored Pair

-
H
-> 2z >
= 139
wyzr ﬁ; .XKszCOM ¢ )
yz'
> 2 -+ > <> a
K _(JH_|“+H_  )H (H T |3
G(YZ) .Yz z ydz’ ycz' yz COH) (140) L3
yz ycz

HE
2 3
s EREE I
{
|
|
i

SRR L T )
+(YZ) yz 'y ydz” zcy yz COM (141)
mzs = » - 2
ln | g |
yz ycz

-
dx)Hzcx( zx.¥COM) (143)
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> 2 + -+ -
+(ZX) _ sz(lﬁzl +szx)Hzcx(Hzx.TC0M)
wxs - > 2,2 2 (144)
b ClH |
ZX ZCX

The resultant individual CMG rate commands are:

T (145)

Hogg W (146)

o, (147)

; is the vehicle rotational rate. Transforming the above CMG rates
into the appropriate CMG inner gimbal space,

-»> -1 -

wI(x)=-[¢(x)]1*o[®(x)]o+b[¢(x)]v+bw(x) (148)

- . -1 + {
1™ B o P on (P oet® (1) (149)
-+ -1 +

'1‘1(2)-"[(»(2)]1‘0[@ z)]c*b[d)(z)]o*bw(z) (150)

Using equation 14, the gimbal rate commands éiiL). éggL)

5(CL)’ s(CL)‘ 5(CL) and S(CL)
ly 3y 3z

12 are: ‘?
(CL)_
slx 1) x (151)
w
S(CL)= I(x)z (152)

3x cos élx
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5(CL)

ly -wI(y)x .153)
N ()T (154)
3y cos le
2(CL)
612 -wI(z)x (155)
G (G (156)
32 cos 612

wI(x)x and wI(x)z' wI(x)x and wI(y)z' and wI(z)x and wl(z)z

are the X and Z components of GI(X), ;I(y)’ and ;I(z)' respec-

tively. The individual CMG gimbal rates 51(1) and 53(1) equal:
4] [oo o] o
é{fg; =[o &, o éfgL) (157)
| o o u) [
(et ] [ 1 T2y
831 k, 0 0 &3x
égfgg -0« 0 8§$L) (158)
.5§?§;J 10 0 ks nggL)J
S| [r o o] [
3 |- o, o [
Léif‘g;J 0 0 k] -éigL)J
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- - r - r -
+(CL) (CL)
830 k, 0 0 s
t(cL) | (CL)
30 0 k, 0 é3y (160)
2 (CL) e(CL)
63(6) 0 0 kg 632
e N L .J - -

Six Individual CMG Mode ~ The six individual CMG reaction

momentums ﬁi(i=l,...,6) in vehicle coordiante are:

u =k [0,}y] (-H)

0 lveb (1) ) hep 101y L o€

i ] -1 oe &) (161)

17 Py v Py ) oen (1)] 1«0

1

::+oo

)

6 kel ® (6)" 1«0

] o 19 (¢

OLNLIA N ot

For this mode of operation, there are 15 scissored (MG pairs

i,9: 1,2, (1,3, (1,4, 1,5, (1,6), (2,3), (2,4), (2,5),
(2,6), (3,4), (3,5, (3,6), (4,5, (4,6), and (5,6). The resultant
CMG scissored pair sums, dot products, and cross products are:

Scissored Pair Sums:

(162)




Scissored Pair Dot Products:

Hoef
Hygo™tt i,

= oH 163)
uldj Hi HJ (

Ao
Hsg6™Hs He

Scissored Pair Cross Products:

> > >

i)™y,

Ly e o

T+

=0 xH 164
icj iXHj (164)

H xi
5c6 56

The scissored pair control gains K, K equal

13



where
> 2 2 - 2
| | |

> 2 >
=|H1C2| +...+|H +...|HScb

icj (166)

»
For cach scissored pair (1,)), one rotation rate W and two scis-

>
soring rates w, are computed. For scissored palr (i,)), the ro-

-+ >
tat ional rate wy and scissoring rates Qf;j) and w;:J) are

jr

A % I >
mijr R X Klj'lCOM (167)
|4,
i3
K (B |20, D8, @ T )
PACE LI O A RIS - B U= i S R (168)
ij icj
> |2 -+ -» .+
»(11) __ Kiilei' g O E e Togy)
s 3 te] (169)
R Pl

>
To compute the resultant individual CMG rate commands wi
>

(i=l,. . .6), all of the above rotational rate w and scissoring

- ijr

rates éis)’ with subscripts that correspond to the i CMG are summed
- ->

with —5. the rotational rate of the vehicle. As an example, wl which

corresponds to CMG 1 equals

S An e w412
W 2 e 13 P14y P15y P16 s

+(13) »(14) +»(15) ~(16) ~*
+wls +wls +wls +wls -~ (170)

Similarly the five rcmaining CMGs have similar CMG rate commands

-+ >
e The negative of these rates -0, are then transformed into the

appropriate CMG inner gimbal space as follows:

-1 -

A (171)

+>
wy ==l

® 1ol loen )
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The corresponding CMG gimbal rate command s ngig) and Sgﬁig equal:
2 (CL)
81 ™11x (172)

(clL) “112
53(1)' o8 8 a7y

»
Wik and Wiy, are the X and 7 compouents of Wy

Note that increasing the number of independent CMGs increases
the number of CMG scissored pairs and thus significantly increases
the computational requirements associated with this decoupled,
digital CMG control law.

9.4.4 Decoupled Pseudo-Inverse CMG Control Law - The Pseudo-
Inverse CMG Control Law is an optimal, digital, decoupled CMG control

law. The CMG gimbal rate commands éiitg and égﬁi; are computed by

optimizing a performance index P with the constraint that the CMG
> -»
control torque TCMG equals the command torque TCOM' The optimiza-

tion method used 1s the Lagrange multiplier technique. The selected
performance index P minimizes the sum of the squares of the gimbal

rate commands 5;?2; and Sgiﬁg. P equals

6 .
p(3(CL) (CL)) Ly (A(CL) 2, (3(CL) 42

TCOLIRE TE M RS Y €Y 3(1)

(174)

zhe constraint equation assoclated with the performance index P
s

T

. - (175)

Figure 9.12 is a block diagram of the correspunding vehicle
control loop.
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Slaved CMG Mode - The performance index P with provisions

for CMG failures equals

T
1 2
P= E{gl[k(l)]

where

O e
]

. T
RGN

[+ (cL) ]
6lx
(cL)

Sly

(cL)
Lalz

.'(CL).
63x

2 (CL)
53y

2
[kepy 1= 0

0

s (CL)
63z

0
2
(k3+k4)

0

2
(1)]

7, (176)

(177)

(178)

0 (179)

2
(k5+k6) ]

The corresponding constraint placed on the performance index P is

H{(k(l)][A']31+[k(1)][3']§3}+wxn

<>

eMe Tcou? =0 (180)

[A') and [B'] are defined in equation 43 and 44, respectively.

[k(l)] equals

p—

(k,+k,)
legyl=| O

0

L

0
(k3+k“)

0

0 (181)

(k5+k6)-

)
4
3
i
!
!
t
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The Lagrange adjoin equation formed from equations 176 and 180

equals
T -17 -13
3 [k(l)] 3 +8T[k(1)] 2,
-X {H([k(l)][A']31+(k(1)][8']33) {
*a*ﬁcnc‘Tcou} (182) |
where X s the Lagrange multiplier
Al]
A=A, (183)
dL  dL dL ]
To minimize L, the partial derivatives ~ » —& » and 3y are k
set equal to zero. g & o
1 -
- (k7)) § R LPS [ PR (184)
d§
Lol kE),] 1 ;R (L 1(B' 1) Thm0 (185)
d33
‘"‘ ~-H( [k 1A’ 13 pHlk ey 1B 13 )““"“cnc*fcon'o (186)
Solving equations 184 and 185 for 3 and 3
8 =Bl 1Tk g, 1A DT (187)
L] 2 ' T
$ymhliciyy 1 Clk g 113 )T (188)

Substituting equations 187 and 183 into 186

> >
COM-waCMG (189)

#2[6] et
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where
(61=Tk () A" T Tk{ ) (T g 1A DT
+[k(1)][3'][k%1)]([k(l)][B'])T (190)
From equation 189,
A= L5 161 7L gyl ) (191)

H
Subut itut Ing equatlion 191 ingo equations 187 and 188, the CMG

pimbal rate commands §. and 53 equal

1

3= 21y 1l gy A D TI6) ™ (i) (192)
> 1,2 N
3 gliigy 1 (M g 118" D161 ™ (R ity 0 (193)

2(CL) q(cr)
The individual CMG gimbal rate commands 51(1) and 63(1) equal

ey

&1(1)

(cL) é 5
° -[k ] (19
61(3) '

(cL)

$1¢5)

i (CL)q
$3¢1)

cL ]é (195)
. -[k
%3(3) ()73

(CL)

8

- 3(5)-
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SN RIUERL (196)

=[k(3)]g3 (197)

where

[k(Z)]- 0 k3 0 (198)

(kegyl= [0 Kk, © (199)




Six Individual CMG Mode - The performance index P equals

. T . . T .
LT 2 13 3T 2 113D
P= 50817 k51778743, [iK5y 17 85

. T . ° T .
(2) =12(2) 2(2)7,, 2 -12(2)
+2§1 [k 31 +§3 (x 33 }

2
3! (3!

where — -
(cL)

61(1)

T _ | (cL)
1 [3

61(3)
(cL)

..61(5) .

[ (cL) ]

8
3(1)

é(l) (cL)

$3(3)
(CL)

-63(5) -

[ (cL) ]

61(2)
(cL)

32

$1¢4)
(CL)

$
| 1(6) |

(200)

(201)

(202)

(203)
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ng’a s (204)

[k(2)]= v k3 0 (205)

[k%3)]= 0 k, O (206)

The constraint associated with performance index P is

£ (1) (1) £(2)
H{k ) JIAIS 4Tk o) 11BI8S 41k 5 1[CI8)

(2) F
+[k (3)1(013 1+wxnCMG om0 (207)

The adjoin equation L equals

3(1) [k lg(l)+g(1) [k 13(1)+g(2) ,km]-lgiz)

] (2)’

7 -13(2), .T ¥ (1) ¥(1)
+3 (3)1 83 }-A {u([k(z)][A]31 +(k(2)][n]33

(2) £(2) 2
[k(3)1[c12§l *lk 4 101837yl T D=0 (208)




dL dL dl.

To minimize L, the partial derivatives

and %% are set equal to zero.

v WD 3@ 3@
le d33 dKl d33

L _ 2 -lp() T, _
v [k(5y )7 8] H(Tie (5 11A]) "A=0 (209)
d 1
dL 2 -13(1) T, _
= (k)17 85 -H(Lk (5 1[B) "A=0 (210)

(1)
d33

dL 2 ,-13(2) N
o ki, 1787 -Hlie 5] CD) =0
a8

dL 2 -1 T,
2" ! 837 -HUlk 5, 110D "A=0
a8y

da

$(2) ) 2od -
+“‘(3)””133 =t g+ o
Solving equations 209 thru 212 for 3{1), 3§1), Xiz), and 3;2),

(1) (2 T
81 =il 5y Ml ) 1 IAD A

(2)]

(1) Ly 112 T
837 =K 5y 1k ) 1[B]) A

2(2) 11y 2 T
817 =HIK{ )1k (53] [CH A

2(2) .02 rnisT
852 -n{k{ 5,1 ([k (3,110 )

Substituting cquations 213 thru 216 into 212,

(211;

(212)

dL *(1) (1) *(2)
aL -a{[k(z)llA]KI +[k(2)1[5133 +[k(3)1[c]31

(213)

(214)

(215)

(216)

(217)
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2 > > >
H [C”'TCOM'”XHCMG (218)
where

- 2 T
(6= [k (5 1TA} (k{5 1 ([ 15 1 [AD)

2
+Lk 09y IBIIK{ 5 1Tk 5y 1(BD)T

2 T
+lk 3y €T (3 1M 4 T0CD)
2 T
Hlk (3y 1 DIk 5)1( [k (5, 11D]) (219)
From equation 218,

1_ -1 ,»> it
A HZ[G] (TCOM waCMG) (220)
Substituting equation 220 into equations 214 thru 217
f(D (1) 3(2)
gl ’ g3 ’ g1

, and g§2) equal

§DLnd, 1tk ) 1ADTIO gl 0 221)

B2 kigy 1Tk gy JBD (61 Hpprundic, ) (222)

ED 02tk D 16 Hgranly ) (229
(2) l 2
3 (3)1([k(3)][D]) [G) %Tcon cuc) (224)

9.5 CMG Singularity Avoi.ance Laws - The following three
candidate CMG singularity avoldance laws &sre presented in this
report:

a. Arbitrary Torquing of CMGs Away From Singularity
b. Isogonal CMG Distribution “aw
c. Optimal CMG Distribution Law

Each singularity avoidance scheme distributes the CMG momentum 3
vectors ﬁi 80 as to avoid the anti-parallel singularity condition.

<
The momentum vectors Hi are distributed in such a manner that no

net torque is applied to the vehicle due to these singulurity
avoidance schemes.
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9.5.1 Arbitrary Torquing of CMGs Away From Singularity -
This singularity avoidance scheme remains inoperative until two
CMts are detected approaching an anti-parallel condition, Before
this anti-parallel condittion occurs, a threshold detector is

->
triggered causing the two CMGC momentum vectors H1 to be scissored

towards one another thus avoiding a potential CMG pair anti-parallel
condition. A CMG pair anti-parallel condition occurs when the
momentum vectors ﬁi of any two CMGs are pointed in opposite
directions. The above scissoring action of the two momentum

>
vectors Hi is continued until their relative orientations are

deemed close enough not to represent a potentially dangerous CMG
pair anti-parallel condition. The torque resulting from this
scissoring action is absorbed by the total CMG system by modifying

e

the torque command TCOM'
It should be noted that because two CMGs are anti-parallel,
it does not necessarily follow that the total CMG system is
singular. But 1f the total CMG system 1s both singular and anti-
parallel, it does follow that at least one CMC pair is anti-
parallel. By preventing all possible CMG pairs from becoming
anti-parallel, the anti-parallel singularity condition associated
with the total CMG system is also avoided. The proposed singularity
avoldance scheme described in this section uses this technique to
prevent the total CMG system from becoming singular.

To illustrate how this technique operates assume that CMGs
1l and 2 are approaching an anti-parallel condition as shown in
figure 9.13. lHl and QHZ are unit vectors along ﬁl
spectively. Let CMG 1 be denoted as the '"test" CMG. The "test"
CMG checks the remaining CMGs to see if any of them are approaching
an anti-parallel condition with the "test" CMG. The designation
of "test" CMG sequences through the complete set of CMGs so that
every CMG in a prescribed order receives the designation of '"test"
CMG.

and ﬁz, re-

If the projection of ZHZ onto QHl is less than the preset
threshold 1limit cos Yo’ the CMG pair 1, 2 is said to be approaching
an anti-narallel condition,

~ ~

1H1°QH2<cos Y, (225)
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0, 2 1

.-: —~— 4
> ->

Figure 9,13, DNetectiorn of ”1 and H, Approaching N

Anti-Parallel Condition
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>
Once the threshold detector is triggered, H2 is rotated towards

+(12)

ﬁ at the following rate w

] 2
x
s12)_ 2t 226
2 SA
L. x%
+(12) H2" "H1
Wg s is a scalar constant. w, is corverted into the appropriate
gimbal rate commands 5(12) and 5(12). The appropriate inner gimbal
1(2) 3(2)
rate command 5;;2) equals
+(12) -1 +(12)
wrp =y 1o P2y Town () Iv 2 (227
R (12) (12)
Using equation 14, the gimbal rate commands 51(2) and 53(2) are
(12)_ (12) 228
$1 ()12 (228)
w12
2(12) 12z
0 - — (229)
3(2) cos 61(2)
(12) (12) »(12)
Wrox and wyp, Aare the X and Z components of Wy s respectively.

5(12) and 3(12) {

The torque exerted on the vehicle due to 1(2) 3(2)

2(12) ~(12) >

Tgy =@y xH, (230)
‘ 2(12) : >
To compensate for TSA , the CMG torque command TCOM is modified
. *(12) 4
by subtracting lSA for TCOM'
-+ 1o _-»(12) 231
TCOM TCOM TSA (231)

(12 (12
The CMG gimbal rate commands 65(2;, 5;(2;' and the resultant

modification of ¥COH are applied to the system until CMG pair

(1, 2) are checked again. If this second time CMG pair (1, 2) passes
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the threshold test, the gimbal rate commands 3(12), 5(12)
+(12) 1(2) 3(2)

CMG torque command modification TSA are zeroed; if the pair does

N . 2 (12) (12) »(12)
not pass the threshold test, new values of 61(2), 53(2). and TSA
are computed. Figure 9.14 ls a block diagram of this singularity

avoidance system,

, and the

Slaved CMG Mode - For this slaved CMG mode, the unit vectors

~

'3 , and ill? are

HX® LHY

- .
cos 61x cos 63x

X cos 61x sin 63x (232)

>

] sin ¢ )

= | —cos 233)
HY cos Sly cos 53y (

cos § sin §

cos 612 sin 63zw

Wz" sin 612 (234)

-cos O cos 63

lz z

L o
The slaved CMG momentum vectors ﬁx’ ﬁy’ and ﬁz equal

> ~

H =k HU (235)
X X Hx

H =k HL (236)
y y Hy

+ ~

H =k HRL (237)
z 2z H=z

Figure 9.15 is the corresponding signal flow logic diagram
associated with this proposed singularity avoidance scheme and CMG
mode of operation. The subscripts i and j used in this signal flow
logic diagram correspond to the "test' CMG and the CMG being tested,
respectively. Let the subscripts i and j take on the following
significance:
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i1=1,
=1,
=2,
J=2,
1=3,
1=3,

corresponds to x
corresponds to x
corresponds to y
corresponds to y

2z

corresponds to

[l N

corresponds to z

For example if i equals 1 and j equals 2, the CMG gimbal angles

611’ 631' 6lj
respectively.

, and 63 correspond to Glx’ ) 6ly’ and §

3 3x’ 3y’

A

Six Individual CMG Mode - The unit vectors lHl’ 2u2' 2H3’

A

lua' QHS’ and QH6 equal

- -
~-cos 61(1) cos 63(1)

)

w1~ cos 61(1) sin 63(1) (238)

sin

i 1))

o h
-cos 61(2) cos 63(2)

D

cos (239)

H2™ 812 8in 8532

I sin 51(2)d

r -~
sin 61(3)

2. .m|~cos (240)

H3 $1¢3) <°® 83(3)

| cos 61(3) sin 63(3[

e R i T e
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i :
A sin 61(4)
-l - (241) 1
2H4 cos 61(4) cos 63(4) ;
cos 61(4) sin GB(&)J ;
I § ey ] %
cos 1(5) 8in 3(5) ;
2 = (242) ;
s sin 6, 5y 4
-cos 61(5) cos 63(5)J
_ -
cos 61(6) sin 63(6)
2 = 243
a6 sin S, 6) (243)
-co8 61(6) cos 63(6)
The individual CMG momentum vectors ﬁi (i=1,. . .,6) are
B =k HL (244)
H1 kIHR'HI
-> ~
- (245)
HZ k2H2'H2
H_=k_HL
H3 Bl (246)
)
PR (247)
B =k_HY
HS 5 ZHS (248)
=k HL (249)
6 6 2H6

For this CMG mode of operation, figure 9.16 is the corresponding

signal flow logic diagram associated with chis singularity avoidance
scheme.
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9.5.2 Isogonal CMG Diatribution Law - This singularity
avoidance scheme distributes the individual CMG momentum vectors

>
Hi such that each CMG contributes an equal portion to the total

CMG momentum vector ﬁCMG' As shown in figure 9.17 the individual
momentum vectors ﬁi form a cone atout ECMG' Because each CMG

-> ->
momentum vector Hi has a component that is along HCMG’ the anti-

parallel singularity condition is prevented.

Like the decoupled scissored pair CMG control law, the CMGs
are grouged into pairs. Let figure 9,18 represent CMG pair (1,2).

> »
2H1 and QHZ are unit vectors along Hl and H2, respectively. The

-» >
CMG momentum vectors Hl and Hz are distributed by rotating the

> > >
CMG pair about its vector sum H]Z at a rate wype Because w5

-’
and le are parallel, no net torque is exerted on the vehicle.

& . =0 xR +w. i, =0
W) xH; g=w, HxH hw, X, (250)
or
3 Xk 4D, Xk, =0 |
Wy %Ay ¥ % 0" (251)
> A

-> ~
wlleﬂl and wlleuz are normalized torque commands associated

with CMGs 1 and 2, respectively. Let
.

~ > ~
Qulawlleul (252)
1 * ~
) . T2 22 (253)
where QHl and 2H2 are rate of change of the norm=lized momentum
9 ~ -»> »> >
vectors lHl and QHZ' Since W, lies along le, W, can be written
as

~

Wy 97€ 1 2 Ty ti2) (254)

where 612 is a scalar error function correzsponding to CMG pair

(1,2). €12 is proportional to the difference between the pro-

jections of QHI and QHZ onto the normalized total CMG momentum
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1
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Figure 9.17. Sketch of an Isogonal CMG Distribution




Figure 9.18.

-
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-~14

12

CMG Pair 1, 2

i
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<>
~ A H

vector & (R = ). €., equals

12

~ ~ ~

1275 Gy oy, QT) (255)

Substituting equations 254 a"d 255 into 252 and 253, the normalized

€

CMG torque commands !Hl and l equal

~ ~

H =k (zﬂl T "H2 QT)(zHZ Hl (256)
R A TR B lr)(l 1x£u2) (257)
These normalized :orque commands can be converted into the appropri-
(sa) (sa) (sa) 2(s4)
ate CMG gimbal commands 8 , 8 , 8 , and O by recognizing
that 1(1) 3(1) 1(2) 3(2)
A 12
by =y )x£a1 (258)
: 50D
xlyo (259)
From equations 256 and 257, wilZ) and w§12) equal
l =k (zﬂl T EHZ RT)QHZ (260)
2 =k (lﬂl T "H2 2T)£H2 (261)
Transforming ;ilZ) and 5;12) into the appropriate inner gimbal
=+(12) +(12)
rate commands wr and Wry s
+(12) -1 *(12)
o1 =y o) o (1) Lep™y (262)
>(12) __ -1 +(12)
012 =02 110 1?(2) Lo [P (2) Iz (263)

From equation 14, the singularity av.idance gimbal rate commands

S(SA) s(SA) (SA)
1(1) "3Q1)° 1(2)’

(s)) .
and 83(2) are:
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(sa) (12)

81(1)-m11x (264)
(SA) 011y

§(SA) 112 (265)
3(1) cos 61(1)

2(5A) _ (12)
$1(2)™12x (266)

W12

___j%?Q___ (267)
cos 1(2)
(12)

. (12) (12) 12)
mle and mIlZ and wIZX and wIZZ
>(12) >(12)

of mll and wIZ

Figure 9.19 is a functional block diagram showing the relation-
ship between the isogonal CMG distribution law and CMG control law.

(SA)
63(2)’

are the X and Z components

» respectively.

Slaved CMG Mode -~ For the slaved CMG mode, there are three
CMG pairs: (X,Y), (Y,Z), and (X,Z). The unit vectors QHX, QHY’

~ -> ->
and QHZ along the slaved CMG momentum vectors ﬁx’ Hy, and Hz are:

[ c é ) )
-cos cos
1x 3x

©

= | cos § sin § (268)

HX 1x 3x

sin 6lx
L .

-
sin 51y

= >

-cos § cos § (269)

HY ly 3y

cos Sly sin 63y

- -l
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- -
cos 512 sin 63:

2 )

Hz™ sin 512 (270)

- I\
cos 512 cos 8,

e -

For CMG pair (X,Y), the normalized CMC torque commands
Z(XY) and !.(XY)

HX equal
2(xy) >
2 anYxk l HX (271)
S xn) 272
QHX -wXYxk 2 (272)

kx and k are the slaved CMG operational status gains previously

defined. ® equal

XY
.;
273
W™ XY[k E +k 1 ] (273)
where
Cxy ke Py ety 2p] . (274)
Substituting equation 273 into 271 and 272, l(XY) and léﬁy) equal
L CXkakx(EHYxlﬂx) (275)
L k k (EHY HY) ] (276)
(YZ)
Fcr CMG pair (Y,Z), the normalized CMG torque commands 2 and
o (YZ)
RHZ equal .
A(YZ) ~
QHY k 3 (RHZ HY) (277)
(YZ) A
QHZ =<y k k (EHY HZ) (278)




where

~ ~ ~ ~

Cyz ke By bptyyy 2y ] (279)

HZ

2
For CMG pair (Z,X), % (ZX) and léix) equal

2(2X)
Yz caxk (quxznz) (280)

L2 ) (281)

HX ZX z x HZ* HX

where

~ -~

k IQHZ T 2HX (282)

The combined normalized torque commands QHX’ QHY’ and QHZ associated
with each slaved CMG pair equals

.
A

- (XY) (zx)
fax "ty

_;;sa) » (283)

L] . .
A

(XY 2 (v2)
Yoy ty Hlay

_G§SA)XQHY (284)

. . .
~

- (¥2)
EHZ QHZ

+1(ZX)

’és“)xz (285)
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where

;(SA)

X =k (k e & +k € R ) (286)
Xy

XY HY "z ZX HZ

*(SA) 2 2 287
wy ky(kxexylux+kzeYZRHz) (287)

~

—»(SA)_ ~ - 288 4
wy ek (ke Ey Lyt o x by (288) ;

- + +
The CMG rates £§SA), wéSA), and w;SA) are transformed into the

| following inner gimbal rate commands ;éié)aiié)and $§§A).

*(SA)

Y1x -[¢(x)]l*o[¢(x)]o+b[° - G(SA) St

(x)]v*b X

*(SA) __ -1 >(SA) 290
“ry [®(y)]l*0[¢(y)]o*b[¢(y)]v*b (230)

*(SA)

Spy -[¢(z)11*°[¢(z)1o*b[¢(z)1‘1 >(SA) (291)

vz

Using equation 14, the above rates are converted into the approp-
riate slaved CMG gimbal rate commands:

2 (SA) _ (SA)
Glx -Wex (292)
(SA)
é(SA)= . 1XZ (293)
3x cos
1x
2 (SA) _,(SA)
61y .u&YX (294)
(SA)
+ (SA) 1YZ
8 - —Xl (295)
3y cos Sly
3(SA)_(SA) (296)
1z 1ZX
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w(sa) b
2(SA) 127 4
63z = cos (297) i
1?: _
wii;), wiig), wisi). , etc., are the X and 7 components of §
> B ‘J S %
;iA), w§$A). and wEZA), respectively. The individual CMC gimbal %
_2(SA) (SA) ) T
rate 61(1) and 53(1) are: %
&
[2sa)] 1 [z
1) ky 0 0 élx %
2(sA) | _ 2 (SA)
$13) 0 k3 O %1y (298) !
1 (SA) (SA)
61(5)J [0 0 kg _312 .
Cvsa)] r 1 [
83(1) k, 0 0 S3x
2(SA) | | 2(SA)
63(3) 0 k3 0 53y (299)
: (SA) (sA)
L63(5) [0 0 kg L53z
Casm)] 1 [2¢sa)]
61(2) k2 0 O Glx
(say| 2(SA)
51(4) 0 k, O 6ly (300)
2 (SA) 2 (SA)
8 0 0 k 8
! 1(6)J L 6d |"lz |
[c(sa)] r 1 [2(s0)]
53(2) k, 0 0 83x
2(sA) | (sA)
83(4) 0 k, O .83y (301)
2 (SA) +(SA)
30| L0 0 ke |3

Six Individual CMG Mode - For this mode of operation, there

are 15 CMG pairs: (1,2), (1,3), (1,4), (1,5), (1,6), (2,3), (2,4),
(zys)t (2o6)) (3o“)g (3;5)’ (3,6), (6,5), ((0,6), and (5,6). The unit

vectors QHl’ QHZ’ QH3’ QHA‘ QHS’ and £H6 are:




T

2 )

<>

>

H2

H3

H4

H5

-COo8

oy

-
-COs

cos

-COoSs

L cos

-CO0Ss

cos

cos

sin

-Ccos
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51(1) cos (5,’(1)
Gl(l) sin 63(1)
sin 61(1)'

61(2) sin 63(2)

sin

$1(2) $3(2)

sin

$1(2).

1
sin 51(3)

cos

81(3) °8 93(3)

61(3) sin 63(3)_

sin

61(4)

cos

$1a) $3¢4)

81¢a) 31n O34

sin

S1(5) 517 O3¢5y

81¢5)

cos

$1¢5) $3¢5)

1302)

(303)

(304)

(305)

(306)
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[ . §
cos 51’6) sin 63(6)

\

L. =1 8in 8

H6 (307)

1(6)

-cos §

1(6) cos 63(6)J

The normalized torque commands léij) and £
CMG pair (i,}) are:

21 -
i =€ gy gk Ry g%y ) (308)

(13)
Hj

for the general

A(ij)- A ~
EHJ eijkikj(zﬂixzﬂj) (309)

where

~ ~ A

eijgkc[lﬂi. T-Eﬂj.zT] (310)

Summing all the normalized torque commands aszociated with the
ith CMG, the total ith CMG torque command equals

0 araC ) (sA) 7
fgmyy T xy, (1D
The negative of ;§SA) is transformed into the 1th CMG inner

gimbal space to compute the CMG inner giuwbal rate comaand 6;?“’.

>(SA) _

-1 +(SA)
“ry

1o l® (1) Joun [0y Ty (312)

Using equation 14, the appropriate ith CMG gimbal rate commands

5(SA) and S(SA)

-[¢,.,]

(1)

1(1) 3(1) are computed.
1 (SA) _ (SA)
é1(1)""11x (313)
(SA)

CT I ET

3(1) cos §

— (314)
1(1)

The above rrocedure i@ repeated to compute the other five sets
of gimbal rate commands.
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9.5.3 Optimal CMG Distribution Law - This singularity
avoidsnce scheme attempts to further optimize the Pseudo-Inverse
CMG Control Law described in section 9.4.4. The Pseudo-Inverse
CMG Control Law minimizes th: sum of the square of the gimbal rate

commands 3;??; and 3;%&3 needed to generate the torque command
TCOM' The solution of ihie control problem takes the following
form:
(CL)- l T -1 _ -+ >
Sley" & A1 [0 toou & % figyg) (315)
s(CcLy_ 1 T -1 >
83¢1)= i [B1[G] ](TCOM -0 x Hyy) (316)

The inverse of |G] is inversely proportional to the determinant
of [G], det [G]. When det [G] approaches zero, the resultant

+(CL) «{CL) ' "

- i ti
61(1) and 53(1) tend to "blow-up" indicating
that the system is approaching either saturation or an anti-parallel
singularity condition. This optimal CMG singularity avoidance
scheme svoids the anti-parallel singularity condition by distrib-
uting the CMG gimbal angles 61(1) and 63(1) in such a manner as to

gimbal rate commands

maximize the magnitude of det [G]. By maximizing the magnitude of

5 (CL) $(CL) __
61(1) and 63(1) are

also minimized thus further optimizing the Pseudo-Inverse CMG Control
Lav. The reason for maximizing the magnitud. of det [G] rather than
just det [G] is that if det [G] is negative and one tried to maximize
just det [G], its value would be driven through zero, an anti-parallel
singularity condition, towards its maximum positive value. Since the
purpose of a singularity avoidance scheme is to avoid singularity,

the magnitude of det [G) is maximized instead of det [G]. Now if det
[G] is negative, det [G] is driven towards its largest negative value
away from zero thus, avoiding singularity. Figure 9.20 is a functional
block diagram of this singularity avoidance system.

det [G], the resultant gimbal rate commands

Slaved CMG Mode - First, a designation between the CMG gimbal
rate comaands that are generated by the CMG.control.law and singu-

larity avoidance scheme must be made. Let glc and 330 and 310 and
330 represent the CMG gimbal rate commands that result from the CMG

control law and singularity avoidance scheme, respectively.
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The performance index P 1is the same one used in the develop-
ment of the Decoupled Pseudo-Inverse CMG Control Law except that

ng and 33D replace glC and 330, respectively.

13 T, 2 -1 T, 2 19
p= 510 plk(gy) 31n+ganlk(1)]33n} (17

The cbjective of this distribution law is to maximize the nagnitude
of det [G] without exerting a net torque on the vehicle due to this
redistribution of (MG gimbal angles. Let

f<xl, S3> = det [G) (318)

31 and 33 ara the actual CMG gimbal angles as neasured by the CMG
gimbal resolver trains. To maximize £ (31,33). the derivative of

%% times aign of f must be positive.

sgn (£) %% -sgn(f){Vfl-31D+Vf3-33D}-y>o (319)
Vf is the gradient of f and the function sgn ( ) has the magnitude

of unity with the same eign as the quantity enclosed within the pa-
rentheses. Vfl and Vf3 equal

V6" @ (320)

V- a5, (321)
y
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The other constraint equation states that the net torque acting
on the vehicle is zero.

[y J0A"D3 ek g 10818, w0 (322)

The Lagrange adjoin equation formed from equations 317, 319, and
322 equals

J1 -1 T, -13
AN (1)’ 3in*gan (1)] Ly

AT{lag 18, e I8 1)13 4= 880(E) e} (323)

where

[A(l)]- - sT=-===-* (326)

|
-
- |

Begpyl=|-~--=---°-- (325)
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..oT
-~ (o]
e w
[«
le

i

(326)

Note that [Akl)] and [le)] are 3 by 4 matrices. To minimize L,

(327)

(328)

the partial derivatives ?L » —QL— and :& are set equal to zero.
d31D ngD

dL ) I

; (k7)) 17 8y TA ()1 A0

d 1D

dL

: tigy )™ By thyyy 1TAe0
d K) )

& - {[A(1)13 +(B} 1)’33n =Y sga(2) a}=0

(329)
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Solving equations 327 and 328 for 31D and &3D'
| 2 v 47 |
&1D-(k(1)1(A(1)1 A (330)
¥ 2 y 2T
330-[k(1))(n(1)1 \ (331)

Substituting equations 330 and 331 into 329,

[I)A=y sgn (f) ; (112)
where
(31=0aky 1 IkE VAL I 4B VKT 108 0T (30)
A equals
A=(117hY sgn (6) (334)

Substituting eguation 334 into equations 330 and 331, the gimbal

rate commands ng and 530 equal

] -1
8 pmssn (O, 1IAL 1701y (335)

3. angn (f)[k%l)][le)lTlJ]-lY e (336)

3D
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The only remaining task is to select the positive scalar Y.
But note that as the magnitude of the det [G) approaches its
maximum, gradient of f, Vfl and st. gpproach zero. Under these

conditions, the gimbal rate commands SID and XBD as defined by

equations 335 and 336, respectively can be excessive even for
very small values of Y. Because each CMG has a physical gimbal
rate limit, these potentialiy excessive CMG gimbal rate limits
must be avoided.

.One method of solving the above problem is to normalize 31D
and X3D and then limit their magnitude so that the total gimbal

rate command due to both the CMG control law and singularigy

avoidance scheme is limited to an accaptable value amax' 310
and 33D can be normalized as follows:
. L
(m) _ "1D
§1D =2 (337)
norm
.(n) BD
3 = (338)
norm
where
giD-sgn(f)[k%I)][A']T[J]-le (339)
3§D-sgn(f)[k%1)}[B']T[J]-le (340)
[ T. , L] L ]
Sporm (3'11) 311)*3:'41)1\3'3») (341)

Note that normalized values of ng and 33D' gig) and 3§3) gre no

longer a function of Y. The normalized vector quantities K{;)

and g;;).d.lCtibe only the relative magnitudes ard directigns of

ng and 330 but, not their actual magnitudes. To compute 310

and define the following parameter.

3D’

Q

D, o 2.8 2102 (342)
max max norm

)
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If uiii {s negative, the CMG distribution gimbal rate cormands

->
S1p

and §3D are set equal t) zero. This condition indicates that
the combined magnitudes of 3 and 3 exceed o . This condition
1C 3C max

may occur occasionally for very short time intervals due to either
a very large disturbance torque or a CMG vehicle maneuver. If the

combined magnitudes of I and 83C exceed Qmax too often, the value

1c
of a .. Should be reviewed and increased if gossible or more
stringent limits placed on the magnitude of glc and 33C' For the

general case where aézi is positive, the gimbal rate commands §1D

and 33D equal . .
QD
33D-a$))‘-3§g) (344)

The components of KlD and 33D are

s (sA)
6lx

3 &g“) (345)

1 (SA)
bélz

r -
s (SA)
63x

L &gff‘) (346)

(sA)
33z

The combined resultant CMG gimbal rate commandsg1 and 33 equal
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1‘51c+gln

3

3-8 43

37%3¢" 3

The individual CMG gimbal rate commands 31(1) and 33(1) equal

P i [+ (CL), 3 (SA)
61(1)-1 kl 0 0 W Glx +61x W
: + (CL) , 3 (SA)
Sl =10 ¥ 0 5y 55

. (CL) ,% (SA)
L51(5) [0 0 kg 81a  +81,
1 r [+ (CL), % (SA)
61(2) k2 0 0 1 Glx +61x W
; . 2 (CL) , % (SA)
51 (4 0 k, O ély +61y

; 3 (CL) 3 (5A)
L§1(6)J [0 0 kg L51z e )
[ r 1 [« °(SA)1
53(1J k, 0 0 5ay +oa,

; . (CL), 3 (SA)
813 0 ky O 33y +53y

% (cL), 1 (SA)
L63(5) Lo 0 k5. L33 +33z |

(347)

(348)

(349)

(350)

(351)
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-

3 i [+ (CL) %(SA)

63(2) k2 0 0 W 63x +63x W
; . £ (CL) 5 (SA)

63(6) 0 k, O a3y +63y

s « (CL) % (SA)

L53(6)J LO 0 k6- L63= +84,

Six Individual CMG Mode - The performance index P is

. T . . T
1.+1) 2 -13x(1) (1)
pe L3 12, DD

-13(1)
(2)} 2

2

2!

RICR FROFD 2 130
1D (3) 1p 3D (3) 3D

where g{;), gg;)’ g{g). and ggg)are defined as follows:

P&(SA)T
1(1)

¥(1)_ | %(SA)
Lol LS

(SA)
| °105)

-

(sn)
2

TOAN PYCTY
3= | %303

3 (S4)
L63(5)d

(352)

(353)

(354)

(355)
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-
3(5A)W
1(2)

12| 1(sn)
519 “151)

= (SA)
F
i 1(6)

-

-é(SA)W
3(2)

x(2)_ | 2(sn)
330 = s3(1.)

« (SA)
L63(6)_

(356)

(357)

The two constraints associated with the performance index P given

in equation 353 are:
..(l) ..
1(1) 30 5 0y i

() ),
815+ 02y 83 1=r>0

sgn(f)%% =ggn(f) {Vf

+Vf1(2)

W 113D+ 018 {Du0

.(l) L]
[A]SID +(B]K3D

where

_df
EI
af
43y (3)
af
By

Vi

(358)

(359)

(360)
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"3)” (361)

Vfl(z)' as (362)

Vi )" (363)

The two constraints given in equations 358 and 359 can be com-
bined into the following constraint equation.

£(1) (1) (2) ¥ ~ |
(A 185 +[B(1)13 +[c(1)13 +[0 118557y s (£ e=0 (364)
where
. [k gy [A]
ApyI=t----=----- 365)
1) df  df df (
48, (1y®1(3) 415y
[k (51 [B]
Boyl=|-=---------- (366)

df df

¥y By “33(5)
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[k 4y 1 (€]
[C(l)]. ------------ (367)
df df df
4832y 9834y 4%1¢)
(k41 (0]
[D(l)]- """""" (368)
df df df

4302y 302y O3¢6)

The adjoin equation L equals

« T
L= 28D 1y

. e T, 2 ,-1%x(1)
2 . -13(1).3(1) (k5,178
ALY, 8 +33D (2)° "3p

. T . . T .
T 2 -13(2) 3@ 2 -13(2)
+ng (k3] 31D +g3D (k(3y] 33D }

(1) (1) 3(2)
]XID +[B(1)]33D +[c(1)]3l

—AT{[A D

(L)
+[n(1)13§§)-y sgn (f) e} (369)

dL dL dL dL

Setting the partial derivatives —; y » % > = ’
(1) (1) (2) (2)
a8 adyy) a8l

and %% equal to zero,

dL

2 -1x()_ T,
[K(y) KID [Agyy) A=0 (370)

¥(1)
dKlD
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dr ~13(1) T 1
ad;
dL_ _.2 ,-13(2)_ T,
—§2;) K3y )7 8157 =[c 3y ) Am0 (372)
401p
dL -13(2)_ T,
(1) (1) (2)
Ei ._{[A(I)JSID +(B,y,] 33» +[c(1)]$
D 1)]3§§)-y sgn (£) e}=0 (374)
Solving equations 370, 371, 372, and 373 for 3{é), 3;;). 3(2), and
(2)
g39 ,
3(1) [k(z)][A(l)] Ty (375)
3(1) (2)1[3(1\}Tk (376)
(2)
3 (3)][c(1)] A (377)
2
3( )a [k(3)][D(l)] A (378)

Substituting equations 375 thru 378 into 374,

[J)A=y 8gn (f) e (379)
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where
2 T 2 T
[J]-[A(l)][k(z)][A(l)] +[B(1)] “‘(2)”3(1)]
2 T 2 T
+[C(1)][k(3)]lc(1)l +[D(1)][k(3)llb(1)] (380)
A equals
A=[37"1 sgn (£) v e (381)

Substituting equation 381 into equations 375 thru 378, the gimbal
1) Q) 32

rate commands ng » O3p"» O3ps and 3§§) are:

%fé)-sgn (f)[k%z)][A(l)]T[J]_lY e (382)
ég;)-sgn (f)[k%z)][B(l)]T[J]-ly . (383)
%{g)-agn (f)[k%3)][c(1)]T[J]—lY e (384)
%gg)-agn (f)[k%3)][D(1)]T[J]'1Y e (385)
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Normalizing the above CMG gimbal rate commands,

. T
3n_ 1D (386)
1D é
norm
0 é;l)’
n D
330 "3 (387)
normn
2 FON
n 1D
Kln e (388)
norm
. 3(2)"
3(n, 3D (389)
P énorm
where
30 wsgn (D) KTy 11A 17101 e (390)
Kgé) -sgn(f)[k%z)][B(l)]T[J]_le (391)
32 msgm(ny 12y 11c 171017 Te (392)
>(2)" 2 T, ,-1"
XBD =sgn (£) [ki(5,11D 1,1 [J]) e (393)

. Te . T - Te . .
L) TR )R (D) ()T, () TR (2) ' 1/2
norm (310 UlD +33D 33D +ng 31D +33D ng ) (394)

a(D) equals
max

@) _ 2 _y 2,172
TRax max ~  norm

(395)
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If aizi is negative, the CMG distribution gimbal rate commands
F(1) L) (D) 3(2)
ng y 33D , ng , and 33D equal
(1) _x (1) () 7(2)
g1D g3D ng g31) 0 (396)
For a(D) greater than zero,
max
i
- i
i
DO

The gombined resultant CMG gimbal rate commands 3{1). 3&1)’ g§2)’
and ng) equal

éil) -éiéhé’i;) (401)
%g” -‘;fg}:%égll)) (402)
%iz)-ig)é{g) (403)
g

9.6 Combined CMG Gimbal Rate Command Law - The combined CMG
law described in this section {s an attempt to combine inte a singl
law the Decoupled Pseudo-Inverse CMG Control and the Optimal CMC
Distribution laws developed in sections 9.4.4 and 9.5.3, respectively.
This combined CMG law is developed using the Lagrange multiplier
optimization technique used tc derive both the Decoupled Pseudo-
Inverse CMG Control Law and the Optimal CMG Distribution Law.

The performance index P equais
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6
. 1 | 2, 2
Py 3 Z LA ) *Cq )
1=1
d sggff}
+K 3t { 3 ] (405)

The first term on the right side of equation 405 is the performance
index associated with both the Decoupled Pseudo-Inverse CMG Control
Law and the Optimal CMG Distribution Law. The remaining term of
this performance index P is an attempt to drive the CMG system
away from singularicy in the same manner as the Optimal CMG Dis-
tribution Law does. The two objectives of P are: (1) to minimize

the sum of the squares of the CMG gimbal rate commands él(i) cad

53(1) (i=1,...,6) and (2) to drive the CMG system away from the
anti-parallel singularity condition. The scalar constant K is a
weighting function that weighs the relative importance of the two

terms comprising the performance index P.

The constraint equation associated with the performance index
given in equation 405 is

-+

i
Tome~ T oom™0 (406)
This constraint states that this combined CMG law is decoupled or

in other words, the torque ¥CMG generated by the CMG control system
-+
equals the CMG command torque TCOM’

Slaved CMG Mode - For the slaved CMG mode, the performance
index P is

1 2T, 2
P 5 {Kllk(l)]

'131+3T3[k%1)]'133}+x %C-[EB‘;—(Q] (407)

f is the singularity function used as a measure of how close the
CMG system is to singularity. The CMG anti-parallel singularity
condition is avoided by maximizing the magnitude of f. £ equals

f(31,33)-determinant of [G), det [G] (408)
where
' 2 tq\ T
[G]'[k(l)][A ][k(l)]([k(l)l[A 1
Vyrel v 12T
+[k(1)1[B l[k“)l([k(l)lln D) (4n9)
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(
The performance index P term %ELEK%;QL] can be written in the

following more convenient form

d _sgn(f),_ _sgn(f;  o¢ .f .7
TR 2 (Vi o8 #9F 08 (610)
Vf1 and Vf3 are defined in equations 320 and 321, respectively.

Substituting equation 410 into 407, the performance index P equals
1 41,2 -1p 1T..2 -1

K sgn(®) (ve & 4ys o}
- 55 Ve, 31+Vf3 33) (411)

The Lagrange multiplier optimization technique attempts to
minimize this performance index P. Minimizing P teads to cause

the term %;[Eg%igl] to be negative, thus maximizing the magnitude
of f and driving the CMG system away from singularity.

The constraint associated with this performance index P is
that the output torque of the CMG systum ¥CMG equals the command

-
torque T

coM

Tcmc'fcom’o (412)

Substituting the appropriate expression for ¥CMG into the above

constraint equation,

B[k () 1A ]§1+[k(1) 18" 183}+wxucm-mcm-o (413)

5 is the vehicle angular rate and ﬁCMG is the CMG momentum im-

parted to the vehicle defined by equation 91.

The Lagrange multiplier adjoin equation equals

L=P-AY(E . T )

CMG  COM
1 372 -13 ¥ .2 -1
- 3 (Bl LN 3,

Ksgn (£) 2 g
- RemA2) (v, §1+Vf3 33;

TGl g VAT I Ik g 108 18 iy Tog) (4100

e e e e e Bar s a4
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A is the Lagrange multiplier. To minimize the adjoin equation,
d_L... _d_L._ and .d_L
o ? « ? dk

dSl ak

the partial derivatives are set equal to zero.

3

dL _ _.2 -1} - sgn(f)
; [k(l)] 51 K fz Vfl
a8

1
vas T

vz T
—H([k(l)][B 1) "A=0 (416)

-

dL __ 2
cMG™ COM

& =k J[A']§1+u[k ][3'133+mxu }=0 (417)

(1) (1)

Solving equations 415 and 416 for 31 and 33,

-y sgn(f) 2 2 yasT
31 K 2 [kiy)17E +H[I ) 1 (T ) 1A DA (418)

t _, sga(f) 2 2 T
33 K 2 [k(l)]Vf3+H[k(1)]([k(l)][B DA (419)

Substituting equations 418 and 419 into 417 and solving for A,

- Ksgn(f) [Gl'llk(1)][“'][k%1>]VE1

K sgan(f -1
- H [G] [k

' 2
p (1) (B 1Lk (4,176, (620)

Substityting :he above expressions for A into equations 418 and 419,

% and 33 equal

1
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.
<>

01" & i [k (1)](“‘(1)”A Her™ (T oy i)
sgn(f) .2
+K 52 1k(1)]Vf +[B][k(1)]Vf
¢ SE(E) 2 v iyTr-l 2
L (k711D gy AT DTI61 e ) TUA" Ty 198, 42D)
Tl 1k, J[B'DT i
3 [(1) RS .30 D15 IelC SN
(£)
+K Jﬂ-—fz [k(l)]Vf +[B' ][k(l)]
kEmE 02 e 1 D ek, 1A K 19 (422)
2 ol 1) (1)

Six Individual CMG Mode - For this mode of operation, the
performance index P equals

W’ “13 ) 3T -13(1)
3 [y, 3 3 (¢ 1735
@7 -13(2) 1) -11(2)
E [k(3) 3 3 [k(3)] 1 }
d sgn(f
x 5 r28a(f)) (423)
f equals
f(gfl),Xgl),8{2),3§2))-dec (6] (424)
where

2 T
[61=[k 5y 1[AT [¥g,) 1 (K 5y VIAD)

+lk mw 1k, 1BDT

(2) (2)

Jer ik, (k. 1T

MLTEN (31 ([ gy

T
#0k (9 ] [D1KE 5 1Lk (311D (425)
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The term k [_gg_f %] equals

32§ ) 1ee (£) *\l)
ac | 1=k SRS (e 1(1)

3(1)+\7f S(Z)W:

MAETENN 1(2)

32 3‘”) (426)

f ’ b ’
Y 1) Vf3(1) Vfl(Z) and Vf3(2) are defined in equations 360
thru 363. Substituting equation 426 into 423, the performance

index P is
W7 ~13(1) 3 ()T -1'(1)
{3 [k(z) 3 +§ [k(z) 33
ON ~13(2),+(2) ~13(2)
3 [k(3)] 3 3 [k<3)] 3 }
sgn () (1) (1)
X -5‘fl2——— (V) (1y° 3 +0E 0 3
(2) (2),
+9E) 0y 3 +9£4 5y°83 3 (427)

The corresponding constraint equation associated with the above
performance index is

TemeTeom™ !
or :
$(1) ¥ (1) $(2)
u{[k(z)J[Aﬁl +[k(2)1[n]33 +[k(3)][c131
'(2) > >
+[k(3)][n]33 R S S (428)

The CMG angular momentum ﬁCMG is defined in equation 93. The ‘
Lagrange adjoin equation formed from equations 427 and 428 equals )
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-4 w?’ 131, 31T -13(1)
L {3 [k(z)] 3 +3 [k(z)] 33

JOIO 2 HE)

0%
3 [k 3!

<3)]

3(1)+Vf

2@
1(1) 1 3(1) 1

-K§1)+Vf

sgnﬂf)

(2) (1)
JI 3 )-A {u[k(z)llA]3

+H[k 1:3]3§1)+u[k [C]3§2)+H[k 1[013§2)

) 3]

> > -

*Hoye"Toom

(3)

} (429)

dL dL

To minimize L, the following partial derivatives —; s 3 R
&L gV
1 3

di . —%E——, and %X are set equal to zero.

dgiz) d3§2)

;%ﬁ:;—-[k(2)1'1%§1>-x Esfgil-Vfl(l)-n([k(z)llAl)Tx-o (430)
1
d;tl) = (k7] ‘§§1’-K gsiégl TE3 (1)l (gy 1(BDTA=0  (43D)
-§%Z§ '[k%3>]-1%f2)' JEL&“ TE) () Bl Lk (3y) ED A0 (432)
d-1
;E%;; [ic(3) _13(2) B ;ggl Ty gy Tk () [DDTA=0 (433)
3
av --futk(z)llA1§<1’+a[k(2)1[nl§§1’+nlk(3)1[cléfz’
+a(u(3)1[n13‘2’+wxﬁcnc-¥COM}-o (634)
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Solving equations 430 thru 433 for Sil), 3;1), 5{2), and ggZ)’

8oy Sﬂigil (2,178, g +H0E ,) 1Cle y 1IADTA ®35)
i Exiégl (kg9 )78 2y #H k{3 )Lk 1(BD A (436)
SR iﬂlf'g.f—) [ 3y JVE) (o) *HIKT 30 1Tk 5y 11CDTA 37)
%g”-x 55‘;—§fl (K339 17Ey 5y L2 5 1 (k5,1 (D172 (438)

Substituting equations 435 thru 438 into 434 and solving for A,
A equals

1 -1 +
Am 2 (617 Fgyendicyye)

K sgn(f) ,..-1 2

_ Ksgn(f) (-1 2
iz 101 Uy N BN, 185 g

K sgn(f) -1 2
“wo 2 161 Tl 1TCH ks, ITEy 9

x|

S f -1 2
—ﬁfé-l 1617 [k (5 1 ID1 K 196 ) (439)

|
m|R

Substjtuting the gbove exprgssion for A into equations 435 thru
438, gil), Xgl), 3(2), and 3;2) equal

1
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Kﬁl)- ili lkiz)l([k(z)][A])T[G]_lﬁcom'a"ﬁmc)

sgn(f) 2
+K f2 [k(z)]Vf

sgn(f) [k2
f2 (2)

1(1)

T, ..-1 2
-K ]([k(z)][A]) [G] {[k(z)][A][k(z)]Vfl(l)

2 2
+[k(2)][B][k(z)]Vf3(l)+[k(3)][C][k(3)]Vfl(2)

2 \
+[k 3y 1 [D][K{ 3y V£ o)} (440)

§§1)- % lkiz)l Tk ()] [B])T[G]-lﬁcou’;"ﬁcnc)

8 £) 2
+K —ﬂﬂg—— k7, 10

£ 3(1)

_¢ 8gn(f) . 2 T, . -1 2

K f2 [k(Z)]([k(Z)][B]) [G] {[k(z)][A][k(z)]Vfl(l)
2 2

+lk oy BNk 5) 1VE5 gy +lk (591 [CT [k 3y 1VE (9

2
+k ]ID][k(3)]Vf3(2)} (441)

3)

¥(2)_ 1 [, 2 Typq-1 -
81%0= 5 (ki 1k 5 11ED 1617 | ol )

sgn(f) 2
+K fz [k(s)]v

_ sgn(f) (2 T, -1 2
K S0 1)Uk gy 1EDTIC) ™ Mk g) 1 A i) 198y g

f1¢2)

2 2
ik gy JIBI K9y 178501y + Uk 3y JICI Tk (5) IVE ()

2
+lk (5 1DI k() 19859y (442)
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.(2)_ 1 .2 T, .-1,> -+ >
33 H [k(B)J([kU)”D]) (6] (TCOM"“”‘HCM(:)
sgn(f) 2
T [yl

_, 8gn(f) .2 T, ,-1 2
K S (g ) (e 5 1D 1617 L ) AN (K (5178

2 2
e ) MBIk oy 1VE5 1y + Ik 5y 1IC K(5y17%, 5y

. 2
+[x(3)][D][k(3)]Vf3(2)} (443)

The above Combined CMG Gimbal Rate Command Law and the Ce-
coupled Pseudn-Inverse CMG Control and the Optimal CMG Distribu-
tion laws are examples of laws derived using the Lagrange multiplier
optimization technique. The derivation of additional laws is possible
using this method; all one needs to do is define a new performance
index P along with the appropriate system constraints.

9.7 Selection of CMG Control Law and Singularity Avoildance

Scheme - Four candidate CMG control laws, three candidate CMG

singularity avoidance scheme, and one combined CMG gimbal rate
command law were derived. The combined CMG gimbal rate command
law combines the functions of the CMG control law and the singu-
larity avoidance scheme into a single law. The four candidate
CMG control laws are:

a. Cross Product CMG Control Law (section 9.4.1)

b. H-Vector CMG Control Law (section 9.4.2)

¢. Scissored Pair CMG Coantrol Law (section 9.4.3)

d. Pseudo-Inverse CMG Control Law (section 9.4.4)

The three derived CMG singularity avoidance schemes are:

a. Arbitrary Torquing of CMGs Away From Singularity
(section 9.5.1)

b. Isogonal CMG Distribution Law (section 9.5.2)

c. Optimal CMG Distribution Law (section 9.5.3)
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In section 9.6, the combined CMG gimbal rate command law
is derived; this law combines the Pseudo-Inverse CMG Control
Law and the Optimal CMG Distribution Law into a single control
function. This control function or law ccaputes a single set
of CMG gimbal rate commands that generate the desired CMG output
torque and also drives the CMG gimbals away from singularity.
All of these laws were formulated for a nominal and a failed CMG
mode plus, the two operational modes, slaved and individual modes
described in this report.

The first two candidate CMG control laws listed above, a and
b, can be implemented in an analog fashion whereas control laws
c and d require a digital processor or computer. It should be
noted that although control laws a and b are normally instrumented
in an analog fashion, they can also be instrumented digitally
using a digital computer. CMG control laws ¢ and d are decoupled

laws meaning that the resultant CMG output torque ?CMG equals the
-

command torque TCOM generated by the vehicle control law. On the
other hand, the two analog laws, a and b, are coupled laws because
the CMG output torque ¥CMG only approximates ¥COM' Because control

laws ¢ and d are decoupled, their corresponding vehicle attitude
control svstems can exhibit slightly better performance charac-
teristics than their coupled counterparts, control laws a and b.
Vehicle stabilization capability is not a major trade considera-
tion because all four CMG control laws are expected to be able to
meet pointing stability within one arc minute. The chief trade
between these four control laws is a hardware one. Implementing
either control law a or b in analog fashion requires the addition
of a number of analog components to the system. Because of the
availability of a digital computer, a digital control law 1is pre-
ferred. Although all four of the control laws can be implemented
digitally, the two decoupled control laws ¢ and d are preferred
because of the additional system performance that these two control
laws afford can be obtalned with no or little cost to the system.
0Of these two laws, the P=eudo-Inverse CMC Control Law, candidate d,
{s recommended because it is an optimal law that minimizes CMG
gimbal rate commands.

The three singularity avoidance laws listed above are companion
laws to the CMG control laws; they insure that the CMG gimbal angles
are distributed in such a manner that the CMG control system can

generate the desired torque command ¥COW' For a DGCMG system, there
i\

are two singularity conditions. The first one corresponds to when

all of the individual wheel momentums ﬁi are pointed in the same
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direction; this corresponds to the CMG system being saturated

and the system must therefore be desaturated. The second singu-
larity condition corresponds to a gimbal state where all of the
wheel momentums ﬁi are aligned, but with some of them pointing

in opposite directions., It is this anti-parallel singularity
condition that these singularity avoidance laws are designed to
avoid. The singularity avoidance control law a, Arbitrary Torquing
of CMGs Away From Singularity, remains inoperative until the CMC
system is detected apprcaching a potential anti-parallel singu-
larity condition then, the CMGs arc torqued away from this potential
singularity condition by redistributing the CMG gimbal angles. The
Isogonal CMG Distribution Law, candidate b, distributes the in-

dividual CMG momentum vector ﬁi in such a manner that each CMG
contributes an equal share to the*total CMG momentum vector ﬁCMG'
Because each CMG momentum vector Hi has a component that is along
ﬁCMG’ the anti-parallel singularity condition is avoided. The

Optimal CMG Distribution Law, c, is a further optimization of the
Pseudo-Inverse CMG Control Law. This Optimal CMG Distribution
Law distributes the gimbal angles as a function of the total CMG

momentum ECMG in an optimal manner so that the gimbal rates for
an arbitrary torque command TCOM can be further minimized. By

distributing the CMG gimbal angles in this way, the anti-parallel
singularity condition is avoided.

Arbitrary Torquing of CMGs Away From Singularity, candidate
a, is mathematically the simplest of the three singularity
avoidance schemes, but it does nnt attempt to distribute the
CMG gimbal angles in eithar an optimal or sub-optimal manner.
The Isogonal CMG Distribution Law orients the CMGs in a manner
that could be classified as sub-optimal, but at the expense of
being mathematically more complex than candidate a. The Optimal
CMG Distribution Law distributes the CMG gimbal angles in an
optimum fashion as prescribed by its performance index and con-
straint equations. Although tnis law is normally as complex
as the Isogonal CMG Distribution Lsw, its computational require-
ments can be veduced if the CMG control used is the Pseudo-Inverse
CMC Control Law., For this reason, the Optimal CMG Distribution
law ls preferred.

Because the development of the recommended Pseudo-Inverse
CMG Control Law and Optimal CMG Distribution Law are very similar,
an attempt was made to combine these two laws into a single CMG
law. The obvious advantage of combining these two laws is that
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their functions can be accomplished using a single control ex-
pression. The result is the Combined CMG Gimbal Rate Command
Law described in section 9.6. For this combined CMG law, the

the resultant expressions for the CMG gimbal rate commands él

and 63 are more complex than those for the Pseudo-Inverse CMG

Control Law and the Optimal CMG Distribution Law. Because of
the apparent control logic complexity associated with this com-
bined law, no advantage from either a software or a rerformance
standpoint exists for this combined CMGC law. The recommended

method for generating the CMG gimbal rate commands 31 and 33

remains utilizing two laws, the Pseudo-Inverse CMG Control Law
and the Optimal CMG Distribution Law.

The CMC control laws and singularity avoidance techniques
were formulated for both a slaved and a six individual CMG opera-
tional mode. Operating the CMGs in the slaved mode reduces the
computational requirements associated with the CMG control and
singularity avoidance le .. The advantage of operating the CMGs
in the individual CMG operational mode is that the CMG gimbal
angles associated with the six individual CMGs can be distributed
in a more optimal manner than for the slaved CMG mode. Unless
digital computer size becomes critical, the preferred operational
mode is the six individual CMG mode.

9.8 Logic Flow Diagram for Recommended CMG Control Law and
Singularity Avoidance System - Figure 9.21 is the logic flow dia-
gram for the recommended Pseudo-Inverse CMG Control Law and Optimal
CMG Distribution Law. In box 1 of figure 9.21, the CMG opera-
tional status gain matrices are computed; these gain matrices
describe the operational status of each CMG. In box 2, the CMC
output torque matrices [A], [B], [C], and [D] are computed using
the CMG gimbal angles 51(1) and 63(1) (i=1,...,6) measured by the

CMG gimbal rezolver trains. These output torque matrices are used
by both the Pseudo-Inverse CMG Control Law and the Optimal CMG
Distribution Law to generate the appropriate CMG gimbal rate com-

mands gil), 3;1), 3{2‘, and 3§2).

In boxes } thru 5, the Pseudo-Inverse VG Control Law gimbal

rate commands gié), ggé), gig), and ggé) are generated. In box

3, the matrix [G] is computed; the inverse of [G] must be deter-
mined in order to generate the appropriate control law gimbal
rate commands. In box 4, appropriate CMG gimbal rate commands
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¥(1) Q)
glc ’ 330 ’
torque command fCOM geaerated by the vehicle control law. The
(1) §(1) $(2)
(2) ¢ * 3¢’ 1c’
and 330 are compared w!th a gimbal rate limit 6LIM in box 5.

gié), and ggg) are computed that will generate the CMC

indiyidual CMG gimbal rate commands comprising $

1f one of the individual glmbal rate commands exceeds &LIM’ the
gimbal rate commands are a.l scaled down so that none of the

individual rate commands exceed GLIM'

In boxes § thru,13, the Optimal CMG Distribution Law gimbal
2)
D
the CMG singularity function f that measures the distance the CMG
gystem is away from singularity in CMG gimbal space 1s computed.

In boxes 7 and 8, the control matrices [A(l)], [B(l)], [C(l)]’

rate commands 3{;), ggé), g{ , and ggg) are generated. In box 6,

[D(l)]' and [J] are computed, In bex 9, a set ,of intermediate CMG

1] \j ] '
gimbal rate commands gig) . ggé) . 5§§) , and 3(2) are generated

3D(D).

along with a CMG distribution gimbal rate limit amax Using these

{ntermediate gimbal rate compands gnd rage limit, the CMG distri-

bution gimbal rate commands gi;), ggg), gié), and ggg) ire computed
jn box 10. In box 11, a CMG distribution torque error TE due to
(1) &Y 3(2)
ipD* 3D 1D’
be zero. But due to computational errors, TE can be appreciable.

-

and ggg) is computed. Ideally, 'rE should
-

In box 12, the magnitude of T 1s checked with a torque limit T .
- E E,max
I1f the magnitude of TE exceeds TE nax’ the control logic, proceeds
]

onto box 13 where the distribution gimbal rate commands ng .

3;;), gig), and ggg) are scaled down so that the magnitude cf TE !

does not exceed T . |
E, max A

In box 14, the Pgeudo-Invegse CMG Control Law gimbal rate 1
comnands gié), ggé), gig), and ggé) sre added to the appropriate :
Qntimal CMG Distribution Law gimbal rate commands 3{%), 3;;)’ :
gii), and ggz). The total system CMG gimbal rate commands

3{1). Kgl). Siz), and 3§2) are routed to the appropriate CMG {
gimbal actuators. The logic flow then recycles back to box 1.
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9.9.1 Abbreviations and Symbols

ATM
(A),(B],[C], D]

(a'],[8']

(A gy s (B3 1+ (C gy )
D11, 3]

(Al 15 (BE;y 1, 03]

CMG

DGCMG

f
Ve

T T
2

TV

COM

HYy Sy Syt AT
(@] (2] (] ~
e o

cMT

COM

4 HY
(=]

%oﬁ
< =
o
N N
o

I'1'1

XY?Z2Z
oo0o0

e
max

LIM

Apollo Telescope Mount

Individual mode CMG system output
torque matrices

Slaved mode CMG system output torque
matrices

CMG distribution law control matrices
(individual mode)

CMG distribution law control matrices
(slaved mode)

Control moment gyro

Double gimbal control moment gyro

CMG distribution law function

Gradient of f

CMG wheel momentum

CMG system momentum imparted to the
vehicle
H vector control law momentum command

Vehicle control law position gain
Vehlicle control law rate gain

Lasrange adjoin equation
Performance index

Individual CMG output torque in base
space

Individual CMG output torque in ve-
hicle coordinates (i=1,...,6)

CMG system output torque in vehicle
coordinates

CMG system torque command
Vehicle disturbance torque
CMG base space

CMG inner gimbal space
CMG outer gimbal space

CMG distribution gimbal rate com-
mand limit

CMG control law gimbal rate com—
mand limit
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Y1) x(1) 1(2) ¥(2

gi ),gg ),gi ),gg ) Total CMG system gimbal rate commands

[Q]I*o Transformation from CMG outer to
inner gimbal space

[°]0+h Transformation from CMC base to outer
gimbal space th

[¢]V*b1 Transformatfon from i CMG base to

N vehicle coordinates (i=1,...,6)

w Vehicle angular velocity

;b CMGC base angular veloclity

-

wy CMC inner gimbal angular velocity

W Vehicle orbital rate
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10. CMG SYSTEM MOMENTUM MANAGEMENT

A CMG control system has a finite momentum storage capability
and therefore, the momentum that myst be stored in the CMG system
must be bounded. The objective of a CMG momentum management sys-
tem is to keep the CMG system momentum storage requirement within
the physical limits of the CMG system. Two mechanisms are described
in this section for accomplishing this task. The first mechanism is
a momentum desaturation system. The function of a CMG momentum de-
saturation system is to reduce the momentum stored in the CMG system
by applying a torque to the vehicle such that the magnitude of the
resultant momentum stored in the CMG system is reduced. Two basic
types of CMG desaturation control laws are derived in this section;
they are: (1) reaction control system (RCS) laws and (2) gravity
gradient desaturation laws. The RCS desaturation control laws utilize
the baseline Shuttle RCS described in section 3.2 to generate the
required CMG desaturation torque and the CMG gravity gradient de-
saturation laws use the natural gravity gradient torques acting on
the vehicle to desaturate the CM" system. The second mechanism
described in this section is a Pseudo-Axis Alignment Control Law.
The function of the Pseudo-Axis Alignment Control Law is to minimize
the CMG momentum that must be desaturated by reducing the momentum
build-up due to vehicle principal and control axis misalignments.

10.1 Shuttle and Baseline RCS Models - The baseline Shuttle
RCS and vehicle dynamic characteristics used in this study are given
in section 3. For convenience, the baseline RCS and vehicle charac-
teristics are summarized in table 10.1.

10.2 Prediction of CMG Momentum Profile - A CMG desaturation
system should be capable of predicting the near future momentum pro-
file to be encountered by the CMG system. This projected momentum
profile is used to alert the desaturation system to potential CMG
saturation conditions. These momentum profiles can be used by mission
planning to schedule momentum '"dumps' so that their impact on mission
objectives such as experimentation can be minimized.

In this section, a methcd for predicting the momentum stored
in the CMG system is devised. The following assumptions are made:

a. The vehicle is constrained to the following ideal
Shuttle attitudes: (1) X-POP inertial, (2) X-IOP
inertial, (3) X-FOP Z-LV, and (4) X-IOP Z-LV.

b. The only disturbance torques acting on the vehicle
are gravity gradient torques.

¢c. The orbit is circular.
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Table 10.1. Assumed Shuttle RCS and Vehicle Characteristics

RCS Characteristices
Thrust level, F: 400 1bf.
